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1.1. Biophysically based modelling

Note: Seven units: Joule (J), Second (s), Meter (m), Coulomb (C), Candela (Cd), Mole (mol), Entropy (e)

1. Maechanics (J,s,m,e): (i) Solids; (ii) Fluids

2. Electro-physiology (J,s,C)

3. Heat transfer (J,s,e)

4. Signalling pathways (J,s,e)

5. Metabolic pathways (J,s,mol)

6. Membrane transporters (J,s,mol,C): (i) neutral; (ii) electrogenic; (iii) ATPase

7. Electro-magnetic (J,s,C,Cd)
=

Bond Graphs capture the physical mechanisms in a consistent framework

~_ -

Assembly of composite models via ApiNATOMY

- ~ = g
CellML: DAEs Metadata FieldML: PDEs Metadata




1.2 Bond Graphs

Bond graphs are a domain-independent graphical description of dynamic behaviour of physical systems. This means
that systems from different domains (e.g. electrical, mechanical, hydraulic, acoustic, thermodynamic, material, etc)
are described in the same way. Bond graphs are based on energy and energy exchange. All physical quantities are
expressed in terms of energy or power in order to ensure consistency across different physical systems. A key
objective is to distinguish between equations that arise from the conservation laws of nature and equations that
express constitutive relations that arise from empirical observations or underlying statistical mechanics (including
thermodynamic principles).

Many physical phenomena can be described by a potential () in units of Joules/some _quantity where the
quantity q could be meters (for mechanics), moles and entropy (for biochemistry and heat flow), or coulombs
and candela (for electromagnetism), and the potential is driving a flow (v = ) in units quantity.s, such that
their product u (J. quantity™1) x v (quantity.s™1) = Power (J.s™1).

u (J. quantity™1)

v (quantity.s™1)

A bond with covariables 1 & v is therefore used to represent transmission of power:
The bond represents a mechanism for the transmission of energy and power, and the arrow head indicates the
assumed direction of power flow, i.e. from sources towards energy stores and energy dissipators (resistors or reactions).
The flow v and potential i must satisfy conservation laws (e.g. mass or charge conservation for v and force

balance or stoichiometric relations for ).

The quantity (g), whose rate of change is v (i.e. % = v) can be stored statically in a ‘capacitor’ with a dependence on
potential u given empirically by u = Eq, or dynamically in an ‘inductor’ with u = La, wherea = v = q.

It can also be dissipated by a ‘resistor’ in proportion to v with an empirical relation g4 = Rv or v = kpu.

Bond graphs use the concept of a 0-node and a 1-node (we will extend these later to include the 2D & 3D geometric
constructs 2-node and 3-node needed for spatial PDE modelling).

The 0-node defines a common potential 4 and imposes a conservation constraint based on v - this is volume or mass
conservation if g is volume or mass, or charge conservation if g is charge, etc.

The 1-node defines a common flow v and imposes a conservation constraint based on i — this is force balance for
mechanical systems, Kirchhoff’s voltage law for electrical circuits, or stoichiometric relations for biochemical systems, etc.



Relationships between state variables:

q

- Kinematic variables, mass conservation

- Constitutive relations

- Kinetic variables, energy conservation

This can also be represented by: But an alternative is:
n [0
/ A \ / a \
E L E f Where p is the generalised momentum and is
/ \ / \ defined as the integral of generalised force pu.
q R a q R p Note that this preserves a symmetry between
kinetic variables u, p & kinematic variables g, v.
\ / \ / It also provides a symmetry between covariables
f f f L q, U (linked via E) and v, p (linked via L).
()] v

. . . . , . . di
The LH formulation, which uses the generalised acceleration a, regards u = La (e.g. Newton’s F = ma, or the inductance relation V = Ld—; )

as constitutive relations, whereas the RH formulation uses the generalised momentum p = fudt as a fundamental definition of this kinetic
variable and links it to the generalised velocity v via the constitutive relation p = Lv.

The LH formulation fits better with the electrical use of u = La (where V = LZ—i is a constitutive relation), while the RH formulation fits
better with the mechanical use of u = La (where F = ma is a law of physics).



An example _ , _
capautance resistance inductance

Constitutive relations { 1= f(q2)| | vs = flus)| | #2 = flay)

o et T

Network topology { V| || e U3 e [1) = U5

U1:U2+U3 U3:U4+U5
. M1 =Hp + 3 S
q2 = V3 Uy = Ay

7 N
Zu.v=u.2v=0 ZM.U=UZM=O

The constitutive relations associated with (common p) 0-nodes are for energy storage components (static or dynamic)
The constitutive relations associated with (common v) 1-nodes are for resistive components (energy dissipation)

Conservation equations{

Bond graphs are a graphical notation for the set of linear constraint equations (the conservation laws), but note that
the constitutive laws can be nonlinear.



1.3 Transformers (TFs) and gyrators (GY)

A transformer is illustrated® by a lossless gearbox where the rotational mechanical power
is converted between two shafts with gear ratio n > 1. The torque t and angular velocity
w on the input and output sides of the gearbox are denoted by the BG variables y and
v’ and p% and v, respectively, where 15 = n. u and v’ = n.v¥ such that the power
ui.vy? = us.v¥ remains constant. This is represented in a BG diagram by

I Hy (= n.pi)
— TF:n
vy’ (=n.vy’) vy

A gyrator is illustrated’ by a lossless electric motor where electrical power is converted
to rotary mechanical power. The voltage IV and current I on the input side of the motor
are denoted by the BG variables 1 and v! and the torque 7 and angular velocity w on
the output side of the motor are 15 and v¥’, respectively. 1] = k.v$ and u% = k.v! and
the power Y. vl = p3. v = k.vl.v% remains constant. k is the back EMF. This is
represented in a BG diagram by

Vi_ w I
ui (= k.v¥) ws (=kov
—1 . GY:k 2 ( 1)

v vy

" Peter ) Gawthrop and Geraint P Bevan. Bond-graph modeling: A tutorial introduction for control engineers. IEEE Control Systems Magazine, 27(2):24-45, April 2007.



Some examples that we discuss in detail later are:

Physics

Electrical

Heat transfer

" Solids

d=

(8]

()]

= Fluids

— Biochemical
o

= Diffusion
(]

d=

(&)

o

o lon channel

Note the (power)-conjugated variables:

¢ Electrical:

¢ Mechanical:

* Hydraulics:

* Thermodynamics:

Static storage (elastance)

BG
n=Eq
n=Eq
n=Eq

1 = poekd

1 =RTInKg

Mechanism
electrical capacitor

heat capacity

elastic spring (Hooke’s law)

Fluid compressibility or (for
1D flow, arterial distensibility)

Boltzmann’s formula

solute concentration

thermodynamic relation

voltage (J.C)

force (J.m™)

torque (J.rad?)

pressure (J.m3)

temperature (J.e!)

Constitutive relations

Dynamic storage

BG Mechanism
p=La inductor
p=La mass
p=La mass

current (C.s?)

velocity (m.s™)

angular velocity (rad.s?)
volume flow (m?3.s?)

entropy flow (e.s1)

Dissipation

BG
v =KuU
v =KU
v =KuU
vV = KU

V= K_‘(e#l/RT — eﬂZ/RT)

v =Kku

V= ket
(& = zFpg/RT)

Power (J.s1or W)

“"
“"
“"

o"

q1—qz-e” ¢

’

Mechanism
resistor (Ohm’s law)
entropy (Fourier’s law)

viscous damper
fluid viscosity

biochemical reaction

entropy (Fick’s law)

Goldman-Hodgkin-Katz
(GHK)



1.4 Standardised units

Biochemical Electrical Electro-
reactions circuit magnetic
Potential name force torque pressure chem potential temperature elect potential
o (u) Jm1(N) J.rad-1(Nm) J.m=3 (Pa) J.mol?! (G) J.e1 (K) J.CT(V) J.cd?

Quantity q (q) m rad m3 mol e C cd
Flow v(vi=q m.s1 rad.s? m3.s1 mol.s? e.s? Cst cd.s?
Rate of flow a (a)=7 m.s2 rad.s2 m3.s2 mol.s? e.s? C.s? cd.s?
Elastance E(u/q) J.m?2 J.rad? J.m® J.mol? J.e? J.C? J.cd?
Resistance R (u/v) J.s.m? J.s.rad? J.s.m® J.s.mol? Js.e? J.s.C? J.s.cd?
Inductance L (u/a) J.s2.m?2 J.s?.rad?? J.s2.m® J.s2.mol? J.s2.e? J.s2.C2 J.s%.cd?

Note on Sl units: e=unit of entropy (S=kg.InW)

Duration of 9,192,6731,770 periods of the radiation corresponding to the transition

Time Sah > between the two hyperfine levels of the ground state of the caesium-133 atom
Length Metre m Distance for light to travel 1/299,792,458 seconds (1/c) in a vacuum

Mass Kilogram kg  Such that Planck constant is 6.6260693x10-34J.s

Temperature Kelvin K Such that Boltzmann constant k, = 1.3806505x1023 J.K1

Current Ampere A Suchthat1C=1A.s

Amount of substance Mole mol  Such that the Avogadro constant is 6.0221415x10%3 mol!

Liilieus iEnsiy Candela od The intensity, in a given direction, of a light source at 540x10'2 Hz

with a radiant intensity in that direction of 1/683 W/steradian

http://www.bipm.org/en/measurement-units/

Note that J, s & m are the units of the 4D world in which we live, while mol, e, C & Cd are units based on the
countable objects that make up that world —atoms, probability states, electrons & photons, respectively.


http://www.bipm.org/en/measurement-units/

CellML units

def unitJ_per_Cas

unit joule;

unit coulomb {expo: -1};
enddef;

def unit C_per_s as

unit coulomb;

unit second {expo: -1};
enddef;

def unitJ_per_C2 as

unit joule;

unit coulomb {expo: -2};
enddef;

def unit Js_per_C2 as

unit joule;

unit second;

unit coulomb {expo: -2};
enddef;

def unitJ_per_m as
unit joule;
unit metre {expo: -1};
enddef;

def unit m_per_s as

unit metre;

unit second {expo: -1};
enddef;

def unit m_per_s2 as
unit metre;
unit second {expo: -2};
enddef;

def unitJ_per_m2 as
unit joule;
unit metre {expo: -2};
enddef;

def unit Js_per_m2 as
unit joule;
unit second;
unit metre {expo: -2};
enddef;

def unit Js2_per_m2 as
unit joule;
unit second {expo: 2};
unit metre {expo: -2};
enddef;

def unitJ_per_m3 as
unit joule;
unit metre {expo: -3};
enddef;

def unit m3_per_s as
unit metre {expo: 3};
unit second {expo: -1};
enddef;

def unitJ_per_m6 as
unit joule;
unit metre {expo: -6};
enddef;

def unit Js_per_m6 as
unit joule;
unit second;
unit metre {expo: -6};
enddef;

def unit m3 as
unit metre {expo: 3};
enddef;

def unit per_m3 as
unit metre {expo: -3};
enddef;

def unitJ_per_mol as
unit joule;
unit mole {expo: -1};
enddef;

def unit mol_per_s as
unit mole;
unit second {expo: -1};
enddef;

def unit mol_per_s2 as
unit mole;
unit second {expo: -2};
enddef;

def unitJ_per_mol2 as
unit joule;
unit mole {expo: -2};
enddef;

def unit Js_per_mol2 as
unit joule;
unit second;
unit mole {expo: -2};
enddef;

def unit Js2_per_mol2 as
unit joule;
unit second {expo: 2};
unit mole {expo: -2};
enddef;




Common units expressed in terms of the standard units

voltage Jjc1
force N Jm™1

pressure Pa Jm™3 viscosity n Js.m™3
mass kg Js?m™2 density p Js?m™>

Physical constants

Avogadro’s number 6.022140857x10%3 mol™! number of atoms in 1 mole
Boltzmann’s constant kB 1.38064852 x 1033 JK1 k;T is energy of 1 molecule at T (K)
Gas constant (N ,kg) R 8.314459861 Jmol™ 1K1 RT is energy of 1 mole at T (K)
Charge on an electron e 1.602176487x10%° C
Faraday’s constant F 96.48533289 kC.mol™t charge on 1 mole of electrons
RT/F at 25°C (298K) RT/F 25.679644402 mJ.C*or mv

mym
Gravitational constant G 6.6740831 x107* mS] s f=aG 1 2
Gravitational acceleration g ~9.807 m.s™2 varies with location
Specific heat of water Cp 4.184 kj.kg=1K™1 heat (kJ) to raise 1kg of water by 1deg K

Specific heat of copper Cp 0.385 kj. kg=1K™1 heat (kJ) to raise 1kg of copper by 1deg K



1.5 Dimensional analysis

To come ...



1.6 Link to continuum physics

‘Mass’
conservation

(" Solid mechanics* .
Finite elasticity detF'F =0
Meter <
Fluid mechanics* 7u=0
. Navier-Stokes eqns
r
Reaction-diffusion
Mole Biochemistry
-
r
Coulomb v.E="L
ouiom y Electromagnetic T
Candela Maxwell’s equations VB =0
-

Kinematic
relation

Constitutive
relation

Energy
conservation

1 du; Ouj duy duy

Tij ; = f] Tij = f(el]) €ij = 2 aijaxiTaxi'axj
Du_6u+ Ty — 1l7 7. ()

Dt ot MT T prPTAvE

DC 9 wvC = f 7. (—kvC)

Dt g TWVCELTV

ovp_ OB

T T

VB = + oE

* Note: Redo solid & fluid mechanics first together via Cauchy relations



1.7 History of bond graphs

The theory of bond graphs was pioneered by Henry Paynter?, and further developed by Karnopp et al? in a series
of text books aimed at mechanical engineers. Breedveld3 added the theory of network thermodynamics,
pioneered by Aharon Katchalsky?, bond graphs evolved to become a more general systems theory. Broenink> has
also made major contributions. It provides a biophysically and thermodynamically consistent framework on which
to base CellML models.

Bond graphs deal with energy transfer between different physical systems and make a distinction between the
supply, storage, transmission and dissipation of energy. For details on the application of bond graphs to biological
systems, see Peter Gawthrop and Edmund Crampin®~°.

Here we discuss the bond graph approach to modelling biological processes and how to map these
concepts to the CellML framework. We start with electrical networks and Kirchhoff’s circuit laws.

LPaynter H. Analysis and Design of Engineering Systems (MIT, Cambridge, Mass., 1961).

2 Karnopp DC, Margolis DL and Rosenberg RC. System dynamics. 5 edition, Wiley, 2012.

3Breedveld PC. Physical systems theory in terms of bond graphs. PhD thesis University of Twente, 1984.

4Oster G, Perelson A, and Katchalsky A. Network thermodynamics. Nature (Lond.). 234:393, 1971.

> Broenink JF. Introduction to physical systems modelling with Bond Graphs. 2000(?)

6 Gawthrop PJ and Crampin EJ. Energy based analysis of biochemical cycles using bond graphs. Proc. R. Soc. A
470:20140459, 2014.

7 Gawthrop PJ and Crampin EJ. Modular bond-graph modelling and analysis of biomolecular systems. IET Systems
Biology, 2015.

8 Gawthrop PJ, Cursons J and Crampin EJ. Hierarchical bond graph modelling of biochemical networks. Proc. R. Soc A:
Mathematical, Physical and Engineering Sciences, 471(2184), 2015.

9 Gawthrop PJ, Siekmann I, Kameneva T, Saha S, Ibbotson MR and Crampin EJ. The energetic cost of the action
potential: bond graph modelling of electrochemical energy transduction in excitable membranes. arXiv:1512.00956



Unused

Electrical m Biochemical Heat Electro-
Diffusion
network reactions flow magnetic

Potential u(u) J.CL(V) Jmtl (N) J.m3 (Pa) J.mol? (G) J.e1 (K) J.cd? J.m3.mol?
Quantity q (q) C m m3 mol e cd mol.m-3
Flow v(v)=qg Cst m.s1 m3.s1 mol.st e.s? cd.s? mol.m3.s1
Rate of flow a (a)=7 C.s? m.s2 m3.s2 mol.s? e.s? cd.s? mol.m3.s2
Elastance E(u/q) J.C2 J.m? J.m® J.mol? J.e? J.cd? J.mol2.m®
Resistance R (u/v) J.s.C? J.s.m? J.s.m® J.s.mol? Js.e? J.s.cd? J.s.mol-2.m®
Inductance L(u/a) J.s2.C2 J.s2.m=2 J.s2.m® J.s2.mol? J.s2.e? J.s%.cd? J.s2.mol2.mé

e=unit of entropy (S=kg.InW)



2. Electrical systems

Electrical potential u (Volts or Joules/Coulomb) drives current flow or velocity v (Amps or Coulombs/s)

The quantity (in this case the charge) q (C) generates a voltage across the capacitor given empirically by a
constitutive relation

u = Eq, where elastance E = % (capacitance C) has units J.C. (Note:% = Ev).

. . . d
An inductive dynamic storage system stores energy from the rate of change of current d—: =a (C.s?),
with a constitutive relation:

i = La, where inductance L has units J.s%.C?2.

. . ... . d .
A resistor represents a dissipative process proportional to the rate of change of charge d—z = v (current), with a
constitutive relation

u = Rv, where resistance R has units J.s.C?.

Examples:

2.1 Circuit 1
2.2 Circuit 2
2.3 Circuit 3



2.1 Circuit 1

Kirchhoff’s current law (KCL):

K1 n2 ., — .
A network such as o—— R, C'ommon pote'ntlal, & flows sum to zero
U, (i.e. conservation of q)
obeys two conservation laws: ——E E
=T "1 ST 2
Ref T Kirchhoff’s voltage law (KVL):
eterence, ”Ql_ Common flow; & potentials sum to zero

The KCL law is represented by a 0-node and the KVL by a 1-node:

E; R, E, Constitutive relations { =Eiq¢ " u3 = Ryvy || u, = E>q,
—v Tv Tv 1”1 U3 TU1
”1T 1 H3)Y " ] b Network topology
0 =ty 1 —2p 0 u1 — V) — [,
' ' Conservation equations == Yui=p, +p 92 = vz
Ky = Mz + U3 a ! 2 ’

Note that p3 = py — u; is the voltage drop across R;.
The equations are:

(i)  Conservation laws:
for 0-node: flow in = flow out

for 1-node: potentials sum to zero (i1 = u, + u3)

dqq dq;
for storage terms: — = —v;; — =V

(i) Constitutive relations: puq = E1q4; puy = E»q2; pu3 = Ryvy

Given initial values, these 6 equations can be solved for p4, 2, 3 and v4,q4, q»



CellML tutorial model electrical 1 and output from OpenCOR

def comp main as -pencon . ' ) t ~rean E=nren X

var t: second {init: 0}; [ File | View Tools Help
|EG#1.ceIImI|:| | BG #1.sedml [£] |

// State variables _ =
- | IR
var q1: coulomb {init: 1}; ®®ce — r 1+
var ¢2: coulomb {init: 0}; * Smulation :
. . Property Value Unit 0.8
var vl: C_per_s; : :
varul: ] per C: Starting point ] zecond 0.6
HI_per_t; I Ending point 100 second 0.4
var u2: J_per_C; Point interval 0,01 second 0.2
var u3:J_per_C; < | I | ' ] : _ . : .
: Salvers UI|.,.|.,.|.,.|.,.|.,.|
. . Graphs
// Constitutive paran?e'ters E——— .
var E1:J per_C2 {_m'lt. 20}; Property Value Unit 2
var E2:J_per_C2 {init: 10}; 4 main 2
var R1: Js_per_C2 {init: 2}; 5 @a €2 per )
é M 1w C2_per )
// Conservation laws & Oqa 1 coulomb
ode(ql ,t)=-vi; G gl' 0.1001 coulomby/second
ode(qZ t)= vl: 9 g ] coulomb
1= 2+' 3 ’ @ g2’ 0.1001 coulomby/second
uisusrus; ®Orn 2 Js_per_C2
0 t 0 second
// Constitutive relations Du o J_per C
u1=E1*q1; m u 0 l_per C
u2=E2*q2; 9 u3 0.1001 J_per_C
u3=R1*v1; 04 o1m C_pers , : : : : : .
enddef; 4] il | : 0 20 40 60 80 100




2.2 Circuit 2

H1

U3

—E;

1

S R
+

E,

u1 =Eiqq || v1 = pus/Ry

uz = Eq;

v3 = Us/Ry

U3z = Ezqz

b

q1 = —V;
Ry = Hq

CellML tutorial model electrical 2 and output from OpenCOR

// Constitutive parameters

var E1:J per_C2 ({init: 20};
var E2:J per_C2 ({init: 10};
var E3:J per_C2 ({init: 10}
var R1:Js_per_C2 {init: 2}
var R2: Js_per_C2 {init: 2};

// Conservation laws

ode(ql ,t)=-vi;
ode(q2 ,t)= v2;
ode(q3 ,t)= v3;

vl =v2+v3;
ul = u2+ud;
u2 = u3+ub;

// Constitutive relations

ul=E1*q1;
u2=E2*q2;
u3=E3*q3;
ud4=R1*vi;
u5=R2*v3;

— Uy UV =Vq — U3z U5 = Uz —

Tvz

qz = VU

o

Tvs

q3 = U3

File  View Tools Help
|BG#1oeumID | BG #1.sedml || | BG #2.celiml [ | BG #2.cedml £ |
\. - ey
OO CH mmmmo =KD .
Simulation
Property Value Unit ]
0.8
Starting point 1] second 1 T
Ending point 100 second 0.6 3
Point interval 0.01 second ]
4 e 3 0.4
» Solvers B
» Graphs 0.2
Parameters E —
Property Value Unit L r T T T T T —
4 main 0 20 40 60 80 100
— ®a o C2_per) 0.025 3 \\
= ]
g ®c 1w C2_per) 0.02] :5;
2 [C RS C2_per ) 3 \\ 3
— 9 ql 1 coulomb 0.015 3 i
5 G gl' 01001 coulomby/second ] \\
'—Jg‘ 9 q2 0 coulomb 0.01 E N
& @ q o001 coulomb/second TS ] M \
— [S I 0 coulomb . ] / S~ e
@ o101 coulomb/second 0 E T —
@r 2 Js_per.C2 — T T T T — T
@Or 2 Ioper 2 . 0 20 40 60 80 100
Ot 0 second R
Q ul 0 J_per C 0.04 3
Q u2 0 J per C ] T~
me o J_per C 0.03 3 e
4 R L R T ey
0w o0 ) per C 3 e L RS
O 0 Lper.C 0.02 T
O o001 C_per_s o /
092 o0 C_pers T
9 onn C_pers =
I T T T T T 1
4 I




2.3 Circuit 3

Voltage drops
«— U; —

«— U5 —]

— H3—

R,

th

i

Start here
™ H1
R, — R,

vli v, U3 1
E, C L, :) =S TR
1 R, R, l

Ho — —
1 =E1qq || vi = ua/Ry|| 3 =Ezq2 || v3 = us/Ry|[ He =Lias

lvl

A

Tvz u51 Tvz

ml

g

Uy = g /Ry

U3 = u7/R3

Constitutive relations

R, | R, 1

— uy—> —_ u;—>
Conservation laws
dq; dq, dvs
dan _ . 442 _. . GUs_
dt Vo 3 =Y g 3

M1 = Uy + U3 + Uy
U1=U2+U3

Uz = Us + e + Uy

U1 = E1q1; B2 = Ryvy; p3 = Ezqa; py = Ryvq; U5 = Ryvus; e = Liasz; py; = Ryus

Conservation laws and constitutive equations provide

13 equations in 13 unknowns ((4.. 7,91, 4 ,V1..V3 and as)

Note that all the conservation laws are represented by equations involving flows only (storage or KCL flow
balance at 0-nodes — ‘mass conservation’) or potentials only (KVL continuity at 1-nodes), whereas all constitutive
relations are expressed by equations that involve flow and potential.
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// Constitutive parameters
var E1: ) _per _C2 ({init: 20}
var E2: ) per _C2 ({init: 10}
var R1:Js_per_C2 {init: 2};
var R2: Js_per_C2 {init: 2};
var R3:Js_per_C2 {init: 2};
var R4: Js_per_C2 {init: 2};
var L1: Js2_per_C2 {init: 1};

// Conservation laws
ode(ql ,t)=-vi;
ode(q2 ,t)= v2;
ode(v3, t) = a3;

vl =v2+v3;
ul = u2+u3+ud;
u3 = u5+u6+u7;

// Constitutive relations
ul=El*qi;
u2=R1*vi;
u3=E2*q2;
u4=R4*v1;
u5=R2*v3;
ub=L1*a3;
u7=R3*v3;

| %/ OpenCOR
File View Tools Help

=R

| lorenz.sedmi [ | | forenz.celiml | | @ noble_1962.sedmi [] | @ noble_1962.celim (] | 8G #3.sedml ) | BG #3.celmi [] |

x

[E———

Simulation

O@ CO I umml » = %-F-
b 1

b Solvers

| 2 Graphs

Parameters

Property

933
®a
®c
®u
O q
@ o

Simulation

Unit

152pC2
C2p)

C2pl

C2pl
coulomb
coulomb/second
coulomb
coulomb/second
15pC2
15piC2
15pC2
15pC2
second

IpC

IpC

IpC

IpC

IpC

IpC

IpC

Cps

Cps

Cps
CpS/second




Now consider the structure of the equations:

1—
U114

E; Ry E> R, Ly
R, > R,
vy 3 % ] Tv1 MZT TUZ ﬂsT 103
— ——E
Ry Rs Il41 Il71
R, R,
Conservation laws U,
aq _ _ . . 492 _ . 4dV3_ U2
ac . Plig T V248 Vs
v —Up—v3 =0 1 -1 -1 0 0 0 0 0 0 0 ﬁ; 0
HUs
e as . . . . He
Constitutive relations capacitance resistance inductance [y
m1 =Eq1  py =Rqvq 1] [Ea
|15 Ry q1
uz = Exq; Py = Ravy us E, q>
Pa|= R U1
Ps =Ryvs  pg=Ljas Us ’ R, U3
_ He L, |La3
= R,v 1
U7 3U3 1| R,




3 Solid mechanics & electromechanics

W is now either mechanical force (J.m?) or mechanical torque (J.rad!) and v is velocity or displacement rate ¢ (m.s)
or angular velocity (rad.s?). In both cases the product . v is power (J.s1).

Examples:

3.1 Spring-mass-damper-1

3.2 Spring-mass-damper-2

3.3 Double mass

3.4 Spring-mass pendulum

3.5 Voice coil (linear actuator)

3.6 Beam bending with a 6-port single element beam model in 2D space
3.7 Beam bending with a 3-port single node beam model in 2D space
3.8 Beam with spring-mass-damper



3.1 Spring-mass-damper-1

This point has common displacement g4 and hence v,
so 1-node is starting point

S

P =E;qq ’ P2 = Rqv4
J py =Eq, [ U= u, =Riv,
E; is stiffness R; is viscosity
L'}' Mz =Liay
+u, +u3 =0
q1 s = Lya, M1+ Mz + U3
E1q1+R1U1 +L1 al = 0

L, is mass

The 1-node, representing a common flow and balanced potentials (forces), is applied at a single physical point, in contrast with an

electrical network where the 1-node represents common flow in a circuit.
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.
// State variables i OpenCOR - ;g @ -
var ql: metre {init: 1}; File View Tools Help
var vi: m_per_s {init: 0}; z.celml (] | € noble_t962.sedml (] | € noble_t362.celm (] | BG #3.celml ] | BG #3.0dmi (] | 6G #4.celm [ E »
var al: m_per_s2; - —
- - | | | -.IU [T - - z
var ul: J_per_m,' @ @ e a , : )" + - s @ -
2. . b Simulation 7] 5
varu2:J_per_m; > Solvers 1 ;
varu3:J_per_m; » Graphs 0.04 7
Parameters 1
// Constitutive parameters I Eperty palus Unit |
varE1:J per m2 {init:20}; ||| | * ™an 1 : ; ;
- - . al  -2.7445767.. MpS2 B S T L O O 0 WY 0 0 W N
var R1: Js_per_m2 {init: 0.1}; || g a1 M;pj B
var L1: Js2_per_m2 {init: 10}; I ®u 10 Is2pM2 002 ]
L © 1 00014924, metre R .
. E , - w
// Conservation laws = () q1'  -0.0004718... metre/second 1 2
ode(ql, t) = vi; I @r 01 JspMz . . . . . A
. . . . . =
t 0 second [ T T T [ T T T [ T T T [ T T T I T T T 1 =
ode(vl, t) = al; | £ g ul 11905477, JpM
—_nJ- . | = )
ul=-u2-u3; e O w2 47076483, JpM ;
™| O 2 -27445767.. JpM 0.04
// Constitutive relations O 1 -0.0004717.. MpS :
ul = E1*q1; () ' -27437618.. MpS/second 0.02
u2 = R1*vi; ]
u3 =L1*al;
-0.02
-0.04
-0.06
I T T T T T I T I T 1
1 m 4 0 200 400 600 800 1,000




3.2 Spring-mass-damper-2

u =Ejqq %

S I 1

p3 = Rqvy

p3 = Ryv4 T

u1=E1q1 h U1 q

uz = —Ezqq

uy =Llija, +g

Pt pz+p3+pg=0
(E; —Ez)q1+Rqvq + Li(a; +9) =0

// State variables
var g,: metre  {init: 1};
varv,: m_per_s {init: 0};
var a,;: m_per_s2;
varu,:J_per_m;
var u,:J_per_m;
var us: J_per_m;
var u,:J_per_m;
var g: m_per_s2 {init: 9.81};

// Constitutive parameters
varE;:J_per_m2 {init: 5};
var E,:J_per_m2 {init: 4};
var R;:Js_per_m2 {init: 0.1};

# OpenCOR - X ..
File View Tools Help var L,:Js2_per_m2 {init: 0.1};
BG tutorial model solid mechanics 2.cellml ©
P c8 mmmmm ) ¥ =~ K- &~ ~ i
- S T // Conservation laws
Soiers 051 \ ode(q,, t) = v;;
Parameters 0- \\ ode(vy, t) = ay;
Property Value Unit 0.5 \ //M\ U;=-u,-us;
¥ main \ / o 1
gJ ai 0.13510... m_per s2 -1 \ / \_// \H‘_P/ - o N %
— \ . . -
£ @c 5 J_per.m2 1.5 / S | // Constitutive relations
w @ E2 4 J_per_m2 / g *
®q 9.81 m_per_s2 -2 \_/ ] u, = El qdy;
£ ®u 0.1 Js2_per.m2 x C X 2 ALy — _F *q -
5 Oq1 0.96830... metre N - + o o 1{)}3 u, =-E,70;
2 (RERE 0.008112... metre/second /_ El u; = Rl*Vl,'
@ R1 01 Js_per_m2 51 / T S o 3 ok .
Ot 0 second \\ / ~— u, = L*(a,+g);
(ATR! -48411... Jper.m 0l e~
Du2 3.872888... J_per m = —
Dus 0.000668... J_per_m J/ \ Py
Ous 0.967489... J_per m -5 / ~— T————
(S IR 0.008112... m_per.s —
QV_? -0.13510... m_per_s/second -104
< >l 0 2 4 6 8 10




Analytic solution

(E; —E2)q1 +Ryvg + Ly (a1 +g) =0

orEq+Rg+L(G+g)=0 whereE=E; —E;,,R=R;,L=1,4

q(t) = —LEg + ae Ptsin(kt + ¢) where a, B, k & ¢ are parameters

q = —afe Btsin(kt + ¢) + ake Ptcos(kt + ¢)

i = aB?e PFtsin(kt + ¢) — 2akBe Ptcos(kt + ¢) — ak?e Ptsin(kt + ¢)

Initial conditions:

Lg CI0+L—g
q(0) =qo = <t asin(¢) gives a = Sin(;)
q(0) = 0 = —apsin(¢) + akcos(¢p) gives ¢ = tan™?! K

B
Substituting into the governing equation and cancelling the ae At term:

E.sin(kt + ¢) + R.{—psin(kt + ¢) + kcos(kt + ¢)} + L.{B?sin(kt + ¢) — 2kfcos(kt + ¢) — k?sin(kt + ¢)} = 0
{E — BR + (8% — k?)L}sin(kt + ¢) + k{R — 28L}cos(kt + ¢) = 0

Since sin and cos are orthogonal functions, each coefficient must =0 and hence

B=randE—pR+ (B> —k?)L=0 ork = |p?+=L8 = VELR
Lg\ -R¢ sin(kt+¢) Lg _1 (VAEL=RZ _ ,4EL
Hence q(t) = (qO + E) e 2L W — 5 where ¢ = tan 1 {T} = tan~! = 1

1_

NI

R
Exponential decay e 2L’ )
Steady state position y,, = — -2

0.5 |\ SN \E‘




3.3 Double mass

Displacements:

= q1
Forces: uq |15 |15

H=Eiqq

P4 = Ezq3 wUBQ

Us = Ryu3

lvl

f

U ——p V| s ) —— ) = [l

1u6

1:17

Ue = Liay u; = Lya,
UV1=Q1 1 =-V; VU3=V1—V; {3=VU3 VU=a,
U = Uy + Ug Uy = Uy + s Uy = U3z + Uy

// State variables

var ql: metre  {init: 1};
var q3: metre  {init: 0};
varvl: m_per_s {init: 0};
varv2: m_per_s {init: 0};
var v3: m_per_s;

varal: m_per_s2;
vara2: m_per_s2;
varul:J per_m;

varu2:J per_m;

varu3:J per_m;

varud: ) per_m;

var u5:J per_m;

var u6b: ] _per_m;

varu7:J _per_m;

// Constitutive parameters

var E1:J_per_m2 {init: 20};
var E2:J_per_m2 {init: 20};
var R1:Js_per_m2 {init: 0.1};
var R2: Js_per_m2 {init: 0.1};
var L1: Js2_per_m?2 {init: 10};
var L2: Js2_per_m?2 {init: 10};

// Conservation laws
ode(ql, t) = -vi;
ode(q3, t) = v3;
ode(vl, t) = al;
ode(v2, t) = a2;

ul = u2 + u6;

u2 = u4d + u5;

u2 =u3 +u7;
v3=vl-v2;

// Constitutive relations
ul =El*ql;
u3 = R2*v2;
ud = E2*q3;
u5 = R1*v3;
u6b = L1*al;
u7 = L2*a2;




3.4 Spring-mass pendulum

n

r=rg+q Vi=7T=qy; =26

q1

0 .9/ N V] =7
= mv
I’lg 2 T/ \”12” = mrw?
U7 = mMwvq ”g =mg

py = ph — ph — ph + pd cos 6

or mv| = mrw? — E;q; — R;v] + mg.cos 6

or v = (rg + q1)w? — (B q1 + Ryv})/m + g.cos 6
ng = —pf — pdsing

or mvd = —mwv] —mg.sin @

. _ 2
or ¥ = —wv] — g.sin6 — k(v9)

ps =Eiqq py = Ryvf

X7

— e
=P [y =mu;

V8 =l puf = mig

// State variables

var t: second {init: 0};

var theta: radian {init: 0};

var omega: radian_per_s {init: 1};
var r0: metre {init: 1};

var ql1: metre {init: 0};

varvl: m_per_s {init: 0};

varv2: m_per_s {init: 0};

// Constitutive parameters
var g: m_per_s2 {init: 9.81};
varEl:) per_ m2 ({init: 20};
var R1:Js_per_m2 {init: 0.1};
var M1: Js2_per_m?2 {init: 10};
var k: per_m {init: 1};

// Equations

ode(theta, t) = omega;

ode(ql, t) =vi;

ode(vl, t) =(r0+ gl)*sgr(omega) - (E1*g1+R1*v1)/M1 + g*cos(theta);
ode(v2, t) =-omega*vl-g*sin(theta);
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__imulatio

< OpenCOR = 0 X
File ViewToolsHelp
o - Aerol.celh B
BE C0 | o) ¢ f=v Ev @y .
i Simulation €
Property Value  Unit &
Starting o second P
Ending p 100 second L
5 i =
Parameters.
Property Value  Unit 49
¥ main EE
@ 200 J_per_m2
@ 981 _per 52 7
® M1 100 152_per.m2 13 |
[A] omega 0.061419 radian_per_s n a3 Ar Ar ar 1 ht.
9 q 7.887281 metre 2
[RIE -3.35848. metre/second 0
[C Y] 1 metre |3
O 01 Js_perm2 |09
0: ] second I n:d
O theta 0.181637 radian i~
G theta 0.061419 radian/second r
(s 23l -3.35848.m per.s 1
Qv -6.08905. m_per_s/second =0 1
(s 2] 0.545851 m per s 0.1
[RZS ~1.56580.m_per_s/second e
0. i
| 2
n i Af Al ar 1 h(g,
1 =
|
n'
r_
=0,
-1
. A kR Ar ar ar 1
4_ ‘
7 | i f I' |
r ' B
4 ' ‘ V
e |
] i Ar Al ar 1Nt




H1

3.5 Voice coil (linear actuator)

Back EMF (Faraday’s law of induction) Lorentz force

B is magnetic flux density (Js.C1.m2)
L is length of coil (m).

u3 =Liaq

U1 = Uz + U3+ Uy

(”1 = Rlvl + L1a1 + Blvz)

ug = Lya;

Electrical Mechanical Electrical | i Mechanical
- C\gll Permaénent mag;et 1y = Ryvy i i py = Ryv,
: — ’ | |
N =2 t v Y t
i " 2 Hg = Blvz Us = Blvl
- \U1 L 1) py =P Uy GY:Bl | v, =P u. =E,q,
(C—— ‘ ‘

Us = He + U7 + Ug
(Blv1 = EZqZ + RZUZ + Lzaz)

dvl_a dqz_v dvz_a
dt Lodt 2 dt 2

.. Uy are electrical potentials in J.C?
v is electrical current flow in C.s™! var ql
var vl
Us. . lg are mechanical forces in J.m? var al
v, is displacement velocity in m.s? var q2
var v2
Blv, has units Js.C2.m2m.C.s* = J.m! var a2
var ul
var u2

; -1 -2 1- 71
Blv, has units Js.CL.mZ.m.m.s? =J.C var u3
o var u4
Note lossless power transmission through GY: var us
HaV1 = U5Uyp = Blvlvz (1.5-1) var ué
var u7
var u8

// State variables

: C{init: 0};

: C_per_s {init: 1};

: C_per_s2 ({init: 0};
: m {init: 0};
:m_per_s {init: 0};
:m_per_s2 {init: 0};
:J_per_C {init: 10};

// Constitutive parameters

var E1:J_per_C2 {init: 1};
var E2:J_per_m2 {init: 1};
var R1:Js_per_C2 {init: 1};
var R2:Js_per_m2 {init: 1};
var L1: Js2_per_C2 {init: 1};
var L2: Js2_per_m2 {init: 1};
var Bl: Js_per_C_m {init: 1};

:J_per_GC;
:J_per_GC;
:J_per_GC;
1) _per_m;
1) _per_m;
1) _per_m;
:J_per_m;

Note that the GY or ‘gyrator’ provides the lossless conversion between electrical and mechanical power.

// Conservation laws
ode(vl, t) =al;
ode(q2, t) =v2;
ode(v2,t) = a2;
ul=u2 +u3+u4;
uS5=u6 + u7 + us;

// Constitutive relations
u2 = R1*vi;
u3 =L1*al;
u4 = Bl*v2;
u5 = Bl*v1;
u6b = E2*q2;
u7 = R2*v2;
u8 = L2*a2;
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Transfer function for Lorentz force actuator

In the time domain the two equations are:

R1U1 + L1a1 + Ble = U

Equ + RZUZ +L2 a, = Blv1

In the Laplace domain (s) the two equations are:

(Rl + SLl)Ul + Blvz = Uuq

(% + R, + st)vz = Blv,

Substituting for v, = Blvl/(% + R, + st) from 2 eqn into 15t

(Ry +sLy)vy; + BL.Blv,/ (EZ + R, + st) =M

or

or

or

or

N

2 2
U1 = <R1+SL1 +EZ(B—D>U1 = (R1+SL1 +&)U1

mo_

V1

VU1 _
(51

U1 _
(51

T+R2+SL2 E2+SR2+SZL2
s(BD)? .. . .
R +sLy + ————— = G(s) - this is the transfer function for impedance
E2+SR2+SZL2
1 .. . :

SE02 - this is the transfer function for admittance

R1+SL1+E2+SR2+52L2
Ez +SR2+52L2

R1E2 +S[R1R2+E2L1+(Bl)2]+52[R1L2+R2L1]+S3 [L1L2]

Note that G(s) has units of Js.C? (ohms).



s(BD)?

E2 +SR2+SZL2
iw(BI)?

E2 +i(L)R2—(A)2L2

The impedance G(s) = Ry + sL; + is complex. To find the amplitude and phase, put s = iw:

Then G(w) =Ry +iwl, +

iw(BI)2 (Ez—w?L;y)—iwR,
(Ez—szz)'l‘i(J)RZ ’ (Ez—szz)—i(J)RZ

= R]_ +l(1)L1 +

Ry (wBD)?+iw(Bl?(Ey;—w?Ly)

= Ry ol + = e (wry)?

R2 (O)Bl)z

_ (B)?(E;-w?Ly)
- [Rl + (E2—w2L;)2+(wRy)?

(Ex-w?L3)?+(wRy)?

] +iw [Ll + ] = Greqt(®) + i. Gimag (@)

Amplitude |G| = \/Greal(a))z + Gimag((ﬂ))2

Phase ®(w) = tan™! (—Gimag(w)> = tan~?! (Ll{(EZ_“’ZLZ)Z+(“’R2)2}+(Bl)2(E2_“’2L2)>

Greql(w) R1{(Ez—w?L3)%2+(wR3)?}4+R; (wBl)?

Expression Units
" // Constitutive parameters
Ry and wly Js.C var E1:)_per_C2 {init: 0};
E,, wR, and w?L, , X, Im2 var E2:)_per_m2 {init: 2000};
) var R1:Js_per_C2 {init: 3.5};
(E2 — w?L,)" + (wRy)?, x, m# var R2:Js_per_m2 {init: 0.4};
o var L1: Js2_per_C2 {init: 0.15};
Bl Js.Cl.ml - = g
s.Lnm var L2: Js2_per_m2 {init: 0.018);
R, (wBIl)? Js.m?(J.CLm1)? = Ps.C2m™ var Bl: Js_per_C_m {init: 10};
(BD?(E, — w?Ly) (Js.CL.m1)2.).m?2 = Bs2.C2m*
R, (wBlD)?

B3c (2 m4 |2 mé = -2
(By—w?Ly)?+(@Ry)? Ps.Cem?. Je.m* =Js.C
(BD?(Ez-w?Ly)

(E,—w2L,)7+(wRy)? Bs2.C2.m4. J2.m? = Js.C2
27 2 2

Grear and Gimqg Js.C2 (0hms)

Note that when B = 0, G(w) = Ry + iwL; and ® = 45deg when R; = wL; or w = %
1



Simulation with B = 0

® = 45deg at = 2 = 2> = 23345 orlog w = 1.368

L, 0.15

# OpenCOR
File View Tools Help
BG tutorial medel solid mechanics 4 Lorenz s-demain.cellml 2
@@ €8 ) ¥ k= K v
I Simulation
Property Value  Unit
Startin... 0 second
Ending... 1000 second
Pointi.. 1 second
* Solvers
* Graphs
| Parameters
Property Value  Unit
¥ main
) amplitude 150.05... Js_per €2
@ amplitude ref 1 Js_per C2
@ BI 0 Js_per C_m
E_1 0 J_per C2
[C]¥ 2000 J_perm2
)G imag 150,015 Js_per €2
@G real 35 Js_per C2
®L1 015  Js2_per C2
L2 0.018 Js2_per_m2
£ @ logAmplitude 2.1762... dimensionless
= @ logOmega 3.0000... dimensionless
@ logOmega_3 2.5228... dimensionless
c Bomega 10001 pers
ﬁ Q omega’ 1 per_s/second
E @omega 3 33333.. pers
« @ omega_ref 1 per.s
Q phase 1.5474... dimensionless
@ phase_degrees 88.663... dimensionless
@ phase_ref 1 dimensionless
@r1 35 Js_per C2
@r2 04 Js_per m2
0 t 0 second
(AR -16003... J_per m2
(A}E 25627... J2_per.mé
<

BG tutorial model solid mechanics 4 Lorenz s-domain - zero R1 _Ll.cellml =

S -
2

1.5 Amplitude |G(w)| on log-log scale

|G(w)]=R; =35atw=0
log|G(w)| = 0.544 =

605 Phase @ (w) | 7

1
3.6

SHEk

G
3.5 Yreal

3.457

1204
100+
801
60 -

Gimag (w) versus Greq(w)

20

> 34 3.45 3.5 3,55

JuswiLadx] uoejnig



Find w at which %{Greal (w)} =0:

d R, (wBl)? _ 2 4 w? }—
dw {Rl + (Ez-w?L2)?+(wRyz)? } = Ra(BD {(EZ_“’ZLZ)2+(“’R2)2 =0

dw
. 2w 5 —4wLy(E;—w?Ly)+2wR3
-6 Ea-w0?L) (@R ((Bp-w?lp)Z+(wR)ZZ
or {(E2 — w?L,)" + (a)Rz)Z}{(EZ — 02L,)" + (WR,)? — w?(RE — 2L,E, + 2L22w2)} =0
or {(B; - wL,)" + (WR)?}{EZ — L3w*} = 0

The 1% bracketis L3w* + (R} — 2E,L,)w? + E3 = 0

_(Rg—zEZLZ)iJ(Rg—252L2)2—4E§L§ 2E,L,—R% 1R, /R§—4E2L2

: 2 _
with r = =
throotsat w 212 e

(I don’t think these are relevant)

The 2" bracketis EZ — L3w* =0

E,)\? E
with roots at w* = (—2) or w= [=
Ly Ly

With E, = 2000 m2and L, = 0.018 Js%m?, w = |2 = 333.33 5% or logw = 2.523

2



. ] ] _ 1 _2
Simulation with B = 10 Js.C'.m we |2
Lz
“# OpenCOR -
File View Tools Help
BG tutorial model solid mechanics 4 Lorenz s-domain.cellm| @ BG tutorial mode! solid mechanics 4 Lorenz s-domain - zero R1 _Ll.cellml ©
@@ €8 Nl ) y pe=v HvY QY ¥
" Simulation 2
Property Value  Unit
Startin... 0 second 23 A I. d I I I
Ending... 1000 second 1.5 mp itude on Og' Og scale -
Pointi... 1 second ' "
. Solvers _—
I Graphs 14 _—
| Parameters o
Properfy Value  Unit 0.5 _1 0 1 5 3
v main 80 L e
) amplitude 14381... Js per C2 = ¢ P
@ amplitude ref 1 Js_per C2 E ;r“"f
@ BI 10 Js_per C.m 40', Phase d)(w) ,--"//
[CIX 0 J_per C2 204 o
@c2 2000 ) per m2 04— T |
O imag 14376... Js per C2 20 Note increase in @(w) from 45deg (when B=0) /
(NG real 3.6561... Js_per C2 401
®L1 015  Js2 per C2 E : v : :
@L2 0018  Js2 per m2 250-
£ QlogAmplitude 2.1578... dimensionless ‘g‘"
3 logOmega 3.0000... dimensionless 200 - =
@ logOmega_3 2.5228... dimensionless 150 Egr
s omega 1000.1  pers Greal (w) m
= ) omega’ 1 per_s/second 100+ B
:g' @ omega_3 333.33... pers 50 g
“ omega_ref 1 per_s -
Q phase 1.5453... dimensionless 0-; . : .
Q phase degrees B88.543.. dimensionless =il 0 1 2 3
@ phase_ref 1 dimensionless 150
®@r1 35 Js per €2
100
@r2 04 Jsperm2 Gimag (w)
0 t 0 second 50-
O -16003... J_per_m2 -
(ATE 25627.. )2 per m4 0°
_50 i f
-1 0 1 2 3
150- SR B — e
100- .
50- Gimag (w) versus Greqi(w) )
ol ! )
-504 “-—=_________________ __;___’__F_,__ —
E 2] 0 50 100 150 200 250




3.6 Beam bending with a 6-port single element beam model in 2D space

Note background to Euler-Bernoulli beam theory available at https://en.wikipedia.org/wiki/Euler-Bernoulli_beam theory

In the following green is used for BG kinematic variables, red for BG kinetic potentials, and orange for internal variables used in the calculation of the BG quantities
from beam theory.

X1(=x) & x5 are the global Cartesian coordinates and 83 (= 8) is the in-plane rotation.

In 2D:
sz Nodes A and B locate the ends of the beam.
i -1
.U-AQ = M, = B, x4 ,ug — B, Ky V4 & Vi (M) are beam end displacements and «, & kz (M) are beam end curvatures.
) ) 0; 6;
N qz’ & q;’ (m) are beam end positions and ¢,’ & g, are beam end rotations (rad).
) Beam with deflection y(x) X1 ' ‘ I
\{ 7 vj’ & U;CI (m.s?) are beam end velocities and v,” & v’ (rad.s) are beam end angular velocities.
Hy Hp
Ya VB f4 & [ (J. m?) are beam end forces and M, & M (J. rad!) are beam end bending moments.

) uz’ & ,ug’ (J.m?) are beam end forces and 11, & 1, (J.rad"?) are beam end bending moments.
1 y

Radius of curvature - 1+ (¥)?)3/2 =Y

Curvature i, =

In 3D there are potentially 6 separate energy equations — 3 dealing with linear momentum along 3 orthogonal axes and 3 dealing with angular momentum about 3
orthogonal axes. The 3 displacements at node A are ¢,*,¢,?,q,,°; the 3 rotations are qil, qiz, qz3;

the 3 forces are ,u;fl,u;fz,uf; and the 3 moments are ,ufll,,ugz,uz?’.

Bending behaviour of 2D beam treated as a 6-port device

Moments: M, = B,,i, where B,,, = EI (J.m) is bending modulus and r, = v, is approximation for beam curvature.

mnr 3EI

" where B (J.m?) is beam stiffness and v, generates shear force on beam face. For .. beam of bending modulus EI and length [, By = NS

Forces: [, = Bgy)

3
For rectangular beam I = % (b=width, h=depth).

Rather than trying to represent the beam as a bond graph under general loading conditions, we consider each loading configuration separately:


https://en.wikipedia.org/wiki/Euler-Bernoulli_beam_theory

A 6-port single element beam model in 2D space

The undeformed beam is shown in black and the deformed beam is shown in purple. y,,(x) are the shape modes
with coefficients a,,, and a,,n4 and a,n5 (summed over modes n) are the displacements normal to the undeformed
beam axis at the two ends A and B. Together with the beam’s centre of mass x, (t), x, (t)and orientation 6(t), the
coefficients a,,(t) are time-dependent variables that completely describe the beam dynamics. The kinematic BG
variables at the ends are shown in green (translations x{, x4 and x”, x7 and rotations 6 and 6°7).

The relationship between the beam variables and the BG variables is given by:

X2
q,t = x, —lAcost — a,nfisind A
q,¢ = x, — l4sind + a,nficost
a4 = anyy =0
g5t = x, + Bcost — a,nEsino
qs° = x, + 1Bsind + a,nEcos
Aa'qa" 44

qB - anyn + 9 > xl » xl
Taking time derivatives,
vyt =%y + 14sind. 0 — a,nficost. 0 — a,nisind B vt ‘ vt ;

. . M ) L ) . 4 ‘uAlﬁ X1 ﬁ ‘uBl
v,? =X, —1%c0s0.6 — an;sind. 0 + a,n; cosd
Uﬁ = anﬂhA -6 p 0 B

. . ) v
vyt =%, — 1Bsind. 0 — a,nfcosb.0 i _—] SIS ué
vyt =%, + 1Bcos0.0 — a,nEsin0. 0 an
v =dame +90 o VA’ , vt
MAZ  —— Xy > 'UBZ
Forces & torques generated by beam deflection are:
X1
1t = —f,{'sin0; tyt = —f{'sind Ha
-

XZ = f,/cosb; XZ = f,/cosO A sz gea™

u§ = MA; up =My 9



Dynamics: Free vibration of cantilever beams at frequency w (s%)

2 2
% (EI %) = pw?y where y is amplitude, EI (J.m) is bending modulus, and p is linear density (kg.m?2 or Js?m™3)

General solution is y = a;sin(Bx) + aycos(Bx) + azsinh(Bx) + azcosh(Bx)
y' = B{a,cos(Bx) — aysin(Bx) + azcosh(Bx) + azsinh(Bx)}
y" = B?{—a,sin(Bx) — a,cos(Bx) + agsinh(Bx) + ascosh(Bx)}
y"" = B3{—a,cos(Bx) + a,sin(Bx) + azcosh(Bx) + a,sinh(Bx)}
y'"" = p*{a,sin(Bx) + aycos(Bx) + azsinh(Bx) + ascosh(fx)} = By

2 2 . EI . .
L= orp = *pw” (m?). Note that £ has units s.m?, [— has units m2.s? and /pEl. w has units J.m-
EI EI EI p

Cantilever beams:

Case 1l Case 2 Case 3 Case 4 Case 5
Besiy(0) =0 y"'() =0 y0) =0 y(O =0 y0 =0 y() =0 y0O) =0 y'(I) =0 (0) =0 Yy =0
YO =0 D=0 Y©=0 YD=0 y©O©=0 YD=0 y@=0 y'h=0 y®=0 y'B=0
Le_ft: a4 = _az a4 = _az a4 = _a2 a4 S _az a4 S _az

a3:_a1 a3:_a1 a4:a2:O a3:_a1 a4:a2:O



Free vibration of cantilever beam — case 1: %——%
Right boundary conditions:

ar _ _ cos(Bl)+cosh(Bl) __ sin(Bl)—sinh(Bl)
a; - fn(ﬁl) - sin(Bl)+sinh(B1) - cos(Bl)+cosh(Bl)

- - = B2 fﬂ = fﬂ /ﬂ /ﬂ /ﬂ its s
First 3 modes, withw = 8 o are w = 3.52 Pk 22.03 ek 61.70 T (Note that o has units s7)

Figure shows zeros of cos(Bl)cosh(Bl) + 1 for % =1

or cos(Bl)cosh(Bl) + 1 = 0, giving first 3 modes: Bl = 1.875,4.694, 7.855.

401 cos(Bl)cosh(Bl) +1 / \|

' / |
%1 w=352 w:fz.p3 w=f1.70

= e
0O - S T 7

) \|

Py = & \
-40 - \I w

—— W

y(x) = aysin(Bx) + aycos(Bx) — aysinh(Bx) — a,cosh(Bx) , where a; = a,. fn(Bl)

y(x) = a{fn(B).[sin(Bx) — sinh(Bx)] + cos(Bx) — cosh(Bx)} Checky(0) =0

y'(x) = ayB.{fn(Bl).[cos(Bx) — cosh(Bx)] — sin(Bx) — sinh(Bx)} Checky'(0) =0

y"(x) = ay.B*{—fn(BD)[sin(Bx) + sinh(Bx)] — cos(Bx) — cosh(Bx)} Checky"" (1) =0

y""(x) = ay. B3 {—fn(BD)[cos(Bx) + cosh(Bx)] + sin(Bx) — sinh(Bx)} Checky""() =0

Mode shapes:

" =352 T =2203 T w=6170

Moment at LH end is M = EIy"'(0) = —2a,EIB? = —2a2El\/g.w orM = —2a,,/pEl.w (J)



M

Free vibration of cantilever beam — case 2: %-Q

Right boundary conditions:

a; _ _ _cos(BY—cosh(Bl) _  cos(BD+cosh(B) _ L e
i fm(plh) = Sin(BD—sinn(BD — — sm@Drsmng) tan(Bl) = tanh(Bl), giving first 3 modes: Bl = 3.92,7.07,10.20.

First 3 modes, with w = g2 /E—I‘t, are w = 15.4 /E—I‘t, 50.0 ’E—L, 104.0 ’5_14 (Note that ’E—L has units s)
pl pl pl pl pl

iy =154 ©=500 © = 104.0
a4/ - "
0 ' 20 ' 4 & o ' 100
y(x) = aysin(Bx) + aycos(Bx) — aysinh(Bx) — aycosh(Bx) , where a; = a,. fn(Bl)
y(x) = a{fn(B).[sin(Bx) — sinh(Bx)] + cos(Bx) — cosh(Bx)} Checky(0) =0&y(l) =0
y'(x) = ayB.{fn(Bl).[cos(Bx) — cosh(Bx)] — sin(Bx) — sinh(Bx)} Checky'(0) =0
y"(x) = ay.B*{—fn(BD)[sin(Bx) + sinh(Bx)] — cos(Bx) — cosh(Bx)} Checky"" (1) =0

y""(x) = ay. B3{—fn(BD)[cos(Bx) + cosh(Bx)] + sin(Bx) — sinh(fx)}

Mode shapes:

w = 3.52 w = 22.03 | w=6170

Moment at LH end is M = EIy"'(0) = —2a,EIB? = —2a2El\/g.w orM = —2a,,/pEl.w (J)



—
- o~

Free vibration of cantilever beam — case 3: S Z

Right boundary conditions:

[ l i l 2
L _ sin(Bh) _ sin(BD or sin(Bl) = 0, giving modes: Bl = nim, or w = \/%ﬁz = ﬂ(E) = | (nm)? forn = 1,2,3,..

a;  sinh(BD)  sinh(Bl) p\1/) ~ Api*

First 3 modes, with @ = n’m? |—=, are w = 9.87 |—,39.48 /E—I‘t, 88.83 ’E—i (Note that ’5_14 has units s7)
pl pl pl pl pl

y(x) = aysin(Bx) Checky(0) =0 &y(l) =0

y'(x) = a;B.cos(Bx)

y"(x) = —ay.[?sin(Bx) Checky"'(0) = 0 & y"' (1) = 0 (since Bl = nn)

y"'(x) = —a,. f*cos(Bx)

Mode shapes:

i w = 9.87 w = 39.48 w = 88.83

02

L] . | “ . | “




Vibrations of a pin jointed beam attached to a spring-mass system

Beam shape @A
y(x) = a,sin (nT”x) for mode n

nm

y'(x) =a, nT”cos (Tx) =y

y'(x) =-ay, (?)Zsin (gx) = M}
y'"(x) =—a, (%)3005 (%x) = A

y0 = a () sin(Bx) g

gt =x, —l4cosO — a,nising
g2 = x, — 4sind + a,nficosd
qg = apymit =6

qs' = x, + Bcost — a,nEsind

g5’ = x, + 1Bsind + a,nkcosd

ag =a,mE+0

Beam equations
3
an = - (g) .Bsa,,, an = (_1)n+1_ (?

System equations

X1 Acing. *1
Uy —f'sind; ug

X2 A . X2
Ha fiicost; pp

In this example there are 3 unknowns per

Energy terms are /,/' (J.m?). y/' (m)

= nT" and y,f = (—1)".nl—"

1A —

= Bpyy* =0 and M/ = B,y,/® = 0 where B,, = EI (J.m)

3
=By, = — (%) .Bga,, where B, =~ (J.m)

qa

3
= By, = (_1)n+1.(nTn) -Bsay,

vyt =y + 14sind. 0 — a,nficost. 0 — a,masingd

vy 2 =, —14cos0.0 — a,nfisind. 0 + a,nfcosd

UG

dnnhA - 9
vyt =%, — 1Bsing.0 — a,nfcosb.0
vyt =4, +1Bcosh.0 — a,nEsing. 0

v =

anmE +0

Spring-damper equations E,().m?), R,(Js.m?)

) Bean, = Ea(loc(®) ~ () and £€ = Ry.vge(t)

—f2sing + (1.5 + £9)sing 5 uet = (£ + f,5)sinp

fFcosO + (£ + f,5)cosp; up? =

(£ + [ )cosp

mode: x7 (1), xZ(t) and a,,, which are determined by

two force balance equations and one moment balance:

Force balance in xy: ()" + pg' + gt =0

Force balance in x,: ()% + (57 + g2 = 0

Moment balance:  pj?. (x7 (£) — x{') +

W (o = xf) = i (<5 () = x8) + . (o6 — xf)

and M7 (J.rad?). 6 (rad)
Power terms are £,/ (J.m?). v/ (m.s1) and M/ (J.rad?). o (rad)

X2

pet
X X
o et ¢ qé 4
Hy
A x -
N i x| Ha® ped™ lpc(t)
#gi v
a5’ d5° 98
> X1
ay’
Geometric constraints
B
xB =xf + lgcost;vP = —lABsinH.w;'%l= v
B A . B dx§ B
X3 = x5 +lupsing; vy = lABcosg.w;?=U2
2 2
lpe(t) = J CHOREIIRS OS]
vpe(t) = CLOFDI O+ O-2E)vi O
lpc(t)
di
d‘ic = Upc
B C
_ X1 (t)_xl c C
tan(,g) - X?(t)—x’g x1 ’ xz
\ <'._/E
xf (@), x5 () | | 1z (D)
Lip xF (0), x4 (0)
6y |6
xf, x4

v




3.7 Beam bending with a 3-port single node beam model in 2D space

1. Cantilever beam with one end built in and one end free 1 A, l R
Static beam 7 \, Cx
Boundary conditions are: y(0) = 0; y'(0) = 0; y()) = 0; " (1) = 0; /_”y yTy
1 M1 q;
”y R dz ”}’
y =B =x%) =y =E =5 -% w = SEL y 3E1
y y Hi = l—qu y _ Ol
ot _E M= 0

q}ll = Vb=t = 3Er and q3 :y"|x=0 T EI T EI (since py :”}1][) ﬂ / N

Moments: i = B, q where B, = EI (J.m) is bending modulus

Forces: uy = B.q’ where B, = 38 (J.m=) is beam stiffness
1= bsdy 3

3
For rectangular beam I = % (b=width, h=depth).

3EI y
1

Note: uf = il = Bnqi = 54

From a BG perspective this is just a spring with an elastic modulus of% (J.m2)
Dynamic beam

For mode 1 (at w = 3.52):
_q sin(Bl) — sinh(Bl)
y&®) = ?(3&2 B x3) +a; {cos(ﬁl) + cosh(Bl)

This is incorrect — need to determine mode when RH end is fixed at a displacement of 0.

[sin(Bx) — sinh(Bx)] + cos(Bx) — cosh(ﬁx)}



2. Cantilever beam with both ends simply supported

Beam (length [) has load 1"31’ at centre causing displacement q(x) with q (é) = q{

Boundary conditions are: q(0) = 0; g”’(0) = 0; q(1) = 0; q"" () = 0;
7 " d? ) y
00 =t —x8) s ¢ =2

y ”;1113 K "
q1 - q|x=l - 3E1l and q1 =q |x=0

y K
_ml_p : _
= E—ll = E—} (since pf = pyl)
Moments: i = By, q where B, = EI (J.m) is bending modulus
Forces: ”31; = Bsqi where B; = % (J.m2) is beam stiffness

bh3 .
For rectangular beam | = TS (b=width, h=depth).

3EI y

Note: uf = pyl = Bnqf = - a;

From a BG perspective this is just a spring with an elastic modulus of% (J.m?2)

v




3.8 Beam with spring-mass-damper (CellML tutorial model solid mechanics 3.6)

Add cantilever beam with bending resistance to spring-mass-damper example 3.1

L

f _ y f

py = Eiqy py =Ryv

=

3EI
ny = l—sz{
21N :
) +
i : 1
* H{; = Bsqi] q31’
where Bg = % f y
B3 =Laay
Hy = Bsq}{

Ky =Eiq) ) —p 1 =R}

A+%+@+A=0

(E; + Bs)q) 4R, v] +Ly a) =0

y
1

// State variables

varg_1: metre  {init: 1};
varv_1: m_per_s {init: 0};
vara_1: m_per_s2;
varu_1:J per_m;
varu_2:J) per_m;
varu_3:J per_m;

// Constitutive parameters

varE_1:J per_m2 {init: 20};
var R_1:Js_per_m2 {init: 0.1};
var L_1:Js2_per_m?2 {init: 10};
var B_s:J per_m2 {init: 10};

// Conservation laws
ode(g_1,t)=v_1,;
ode(v_1,t)=a_1;
u_1=-u_2-u_3-u_4;

// Constitutive relations
u_l=E_1*q_1;
u_2=R_1*v_1;
u_3=L_1%a_1;
u_4=B_s*q_1;




Unused

Note that @ = 0 when Gipqq(w) =0 or Ly {(E2 - w2L2)2 + (wRZ)Z} + (BD?(E; — w?Ly) =0
i.e.L;(E3 — 2E;L,0? + L3w*) + L1R3w? + E,(B)? — L,(BD?w? =0

Or {L,E% + E;(B)?} + {L,R% — 2E,L, L, — Ly(BD)?}w? + {L,13}w* = 0

2
—{L1R3-2E;L;L,-L, (Bl)Z}iJ{Lle—zEZLlLZ—LZ (B1)2}"—4L,L3{L,E3+E,(BD)?}
2L4L3

Therefore w? =

—{L1R%—ZEzL1L2}i\/{L1R%—ZEzL1L2}2—4L1L%{L1E%} _{LlR%_2E2L1L2}i\/L%R§_4L%L2R%E2 _{R%—ZEzLZ}iJRg_“LzR%Ez

When B=0, w? = > > = >
21,12 21,12 212

Find w for which Gpeqi (@) = Gimag(w):

R, (wBI)?
(Ez—w?2Ly)%+(wR3)?

Ry +

2 2
=w[L1 + (BD?(E;-w?Ly) ]

(Ez-w?2L;)%+(wRz)?

[(E2 - 07Ly)" + (WR2)?| (Ry — wLy) + Ry (wBD? = w(BD?(E; — w?Ly)

[E3 — 2E,L,w? + L3w*|(Ry; — wLy) + Ry(BD?w? + (BD)?L,w® — (BI)?E,w =0

R,E? — wL,E3 — 2R{E,Lyw? + 2E,L; Lyw?® 4+ Ry L3w* — LiL3w® + R, (BD?w? + (B1)?*L,w® — (BD)?*E,w = 0

[R1E3] — [L1E3 + (BD)?E;|w + [Ry(BI)? —2R,E; LyJw? + [2E,L4 Ly + (BD)?L,]w® + [RyL3]w* — [L113]w® =0



Unused

Geometric constraints

o = J0© = xtY 4 (20 -t

vy C - C .
”}’ 1 ”f K f K lyc = {xl _xl} +{x2 _xz}
1 y e 12 U3, By f .k
u' vlr U1 ——p BeaAM m—] U3,U4_ 2 2
1 lac® = {8 ) 28 + {cf () — x)
vy
1= fnC) Note that is Wo! + pios ﬂ{+u£+u§—_0
ote atpoweris u u
1y n 1V1 T H2VU3 E1q) +R, v} +L, a} =0



4. Multibody systems

W is now either mechanical force (J.m?) or mechanical torque (J.rad!) and v is velocity or displacement rate ¢ (m.s)
or angular velocity (rad.s?). In both cases the product . v is power (J.s1).

Examples:

4.1 Inverted pendulum

4.2 Finite element model of inverted inflexible pendulum

4.3 Finite element model of inverted flexible pendulum

4.4 Finite element model of double pendulum

4.5 Finite element model of a rigid joint

4.6 Dynamics of a thrown ball in polar & RC coordinates



4.1 Inverted Pendulum

mA4, m® have units J.s2m2; | has units J.s2.rad"

For body A:

mA4 v =FA — ﬂ1 (1)
For body B:

mPof = pf (2)
mPoj = puy —mPg (3)
Jw® = pj.lsinf — pf.lcos (4)

Note geometrically,

x8 = x{ + Ising gives v¥ = v] + lcosh. w? and v} = v] + lcosh. w® —
2
Isind. (w?)

= lcosO gives v5 = —lsmH w?B and vz = —Isind. »® . . ” 5
’ll“clbglge_fegfa)z v = (FA - pi)/m* + lcosf. @F — Isind. (wB) = uy/m® or (F + F) uq = —+ lcosB. @ — Isind. (w?)
and vY = —Isinf. @® — lcosé. (wB) =uj/mf —g or #ué =g-

A,,B A
Substituting u4 = %{F + lcosh. w® — Isind. (wB)Z} and u4 = m® {g — Isinf. w® — lcosH. (wB)Z} into (4):

A,B A
Jw? = Isin.mB {g — Isind. @® — lcosh. (w?) } lcos6. %.{% + lcosh. w® — Isind. (wB)Z}

A B
i.e. {] + 1>mB (sinze + m::-mB .cos? 6)} @? = Isind.mBg — lcos@.mﬁmB FA — PmPsinfcos. —— ( B)

B
or {(ml:n—m)]+ I(m%+m smze)} B = (m# 4+ m®)sin6. g — cos0. FA — lmBsinBcose(wB)2
(mA+mB)

—5—+ I(mA+m sm29)}

or wf = {(mA +m®)sind. g — cosd. FA — lmBsinecose(wB)z} {



# OpenCOR - 0O
File Edit View Tools Help

inverted pendulum.cellml &

dew _ (Mmy+my)-sinf-g-cosf-F, - [,-my-sinf-cosf -’
de @u+mﬂJB

l,om,

+ 13'[mA + mB-[sinQ]Z]

def comp main as
// Unknowns

var t: second {init: 0};

var PI: dimensionless {7nit: 3.141592};
//var theta: radian {init: 0.7854};

var theta: radian {7n7t: 0.1};

var theta_deg: dimensionless;

var omega: rad_per_s {init: 0};

oL var omega_t: rad_per_s2;
£ var g: m_per_s2 {init: 9.81};
= var 1_B: metre {init: 1};

var J_B: Js2_per_rad {init: 1},
8 var m_A: Js2_per_m2 {init: 1};
X var m_B: Js2_per_m2 {init: 1};
= var F_A: J_per_m {init: 0};

var u_A_l: J_per_m;
var u_A_2: J_per_m;
var v_A_l: m_per_s {init: 0};
var v_B_1: m_per_s {init: 0};
var v_B_2: m_per_s {init: 0};

ode(theta, t) = omega;

theta_deg = theta*180{dimensionless}/PI;

ode(omega, t) = ((m_A+m_B)*sin(thetla)*g-cos(theta)*F_A-1_B*m_B*sin(theta)*cos(theta)*sqr(omega))/((m_A+m_B)*3_B/(1_
omega_t = ode(omega, t);

U_A_1 = m_A*m_B/(m_A+m_B)* (F_A/m_A+1_B*cos(theta)*omega_t-1_B*sin(theta)*sqr(omega));

U_A_2 = m_B*(g-1_B*sin(theta)*omega_t-1_B*cos(theta)*sqr(omega));

ode(v_A_1,t) = (F_A-u_A_1)/m_A;
ode(v_B_1,t) = u_A_1/m_B;
ode(v_B_2,t) = u_A_2/m_B-g;

enddef;

uoRejouLy T (IR

TW-a3s mey THIIRD mey 2L TWIPD
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</ OpenCOR

File View Tools Help

Editing

Simulation

inverted pendulum.cellml B

O®/ €0 | Immrmm () ¥ = E G v
& Simulation o .
Property Value  Unit U \degrees) 180 deg
Starting ... 0 second
Ending p... 10 second \ \ . . i
Point int... 0.01 second _0 z 6 8 10
< > ‘21 w (rad.s?) B
» Solvers WE
» Graphs -2
Parameters -4
Property Value  Unit 6 j GI 8' lb
¥ main % v (m.s?)
@ FA 0 J_per_m 0 o ’
®q 9.81 m_per s2 -1
@ JB 1 Js2_per_rad -2
@ B 1 metre 0 2 6
@m_A 1 Js2_per_m2 % 1,‘; (m c-1)
@ m_B 1 Js2_per_m2 0
9 omega 0 rad_per_s :%
omega'  0.6507... rad_per s/second T T
omega_t 0.6507... rad_per_s2 0 - 6 8
@ PI 3.1415... dimensionless V-, (”]_5’1; i / b
@t 0 second | = / //
gtheta 0.1 radian 3 / /
theta' 0 radian/second T
cheta_deg 5.7295... dimensionless 10 0 ‘ B s hi
OuA1  03237.. Jperm 51 uq (J.m?) /[ /\\ //\
DuA2  97450.. ) perm 0 \ /
Ovar 0 m_per s ) l_g N ~/
QV_A_'I' -0.323... m_per_s/second : :‘ 6' é ‘ 1‘0
6\/7871 0 m_per s A o \ N N
QV_B_'I' 0.3237... m_per_s/second Ko U.m7) \ \ / \\
6 vB2 0 m_per s
QV_B_2' -0.064... m_per_s/second
g ® 0 2 6 8 10

juswiLIadXg uoiENWIS



4.2 Finite element model of inverted inflexible pendulum

X2
1 B_ _B:B_ . B
Standard FE form: Mx+Rx+Kx=f Uz —m-v; —m-g
: : B B ,B ,B B BB
or MU+Rv+Kq=p and g =v (af, 43,07, v7) H1 —m vy
or Mv = f(q,v,n) and g =v ‘\
. a1 . .. ui, 1y, ul, u8 are the forces contributed
- v=M 'f(q' U, ”) and g =v to the global nodes by the truss element,
q{‘ vf Ufl p p and must balance internally:
A_AsA _ A
. d vendul q4 v . [od ”E-I_FZ MV, =G 4y =0andpd +pf =0
or inverted pendulum, g = , U= ,v=]|. A_ o AxA
P q q5 vB vB Hi + Fi' —m%oy F{A, F4 are externally applied forces.
A A A A
q5 vs v5 (af, a3, vi,v3)
» X1
Governing eqns for inverted pendulum are: 5 4
s 4 u lcosO = g7 — qi
mU1=ﬂ1+F1 (1) . _ B __ A
P p P Isind = q; — q5
AnA A
mvy = up + F3 —mtg (2)
mBi}lf _ ”11; (3) uzil — ‘utrusscose , utl? — _‘utrusscosg
. A_ t ; B _ _ t :
mBvE = pf —mBg (4) wy = ptsing , uy = —pt"Ssind
truss _— 5
mA i utruss cos@ + Fi H =EetkRe
A A 4= -1 2 2
or m 5 Ué = s ®@ui=0 heree = —>and!l = \/(qf —aq)" + (¢F — q4)
m U1 —U .cos6 0
mP1| 5 —utruss sinf —mBg and & = (af —at) (Wi -vi)+(aF -a5) (w3 —v)
- A A Ll
q1 Uy 0
- A A
v
and q; =7 B i B
q: U1 Moment balance:  u7.lsin8 = u;.lcos@
- B B
a2 U2 is satisfied since: —u""“%cos@. lsinf = —ut""5sind. lcosO

Note that applying boundary condition v5' = 0 removes eqn (2) from solution and then FZA =mig — u‘é‘
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e v  em———0 7 $=v Kv BY ¥ _0deg 45 deg 225 deg i . il
- Simulation 503 —. — [
Praperty Value Unit 0 / h\\\ |
Starting ... 0 second 504
Ending p... 10 seconq! E |
Pointin. 001 second 4004

< » | -150
N Salvers 10 (degr

. Graphs 200 O (degrees) S o

= 4 6 8 10

‘ Property Value Unit ? qA i = i e |
~ main 0.5 7
@ costheta -0919..  dimensionless ‘ m / \\

@c 10000  J_per.m & B - =
=P m
@ F A 0 ) _perm 054 q1 ( ) 71./ |
(CF 981  m_per.s2 B/(m) / '
: : . T :

(ATWY: 10005 metre 2 2 : . . ; g
®1aB0 1 metre 0 2 4 8 10
@ m_A 1 1s2_per_m2
@ m_B 1 Js2_per_ m2
@ PI 21415, dimensionless

g 9 q A1 08134 metre

g @ q A 1" oassra.  metre/second
9 q A2 0 metre

§ @ qgA2 0 metre/second

2 qB1 0.106..  metre

& qB1 -0497..  metre/second

qB2 03937.. metre

q B2 -2376..  metre/second
Q sintheta 03935 dimensionless
@ strain 00005  dimensionless
@ t 1] second
) theta -2031..  dimensionless
Vtheta1 15682, dimensionless
(Dtheta2 22174,  dimensionless
Dua1  sos.  Jperm
Q u A2 21775 J_per_m
Q u_truss 55333 ) perm
9 v A1 04978.. mM_per_s
Q vAT 5086 m_per sfsecond
@ vA2 1] m_per.s

v B1 -0497.. M _per.s
Q v B 1 5.0868..  m_per s/second
9 v B2 -2.376.. mM_per.s

v B2 -11.96..  m_per s/second
x 0919 metre
@ ¥ 03937 metre

JURLILECKT LONRIILS



4.3 Finite element model of inverted flexible pendulum

Now add beam equatlon (EI —) = —p% where y is amplitude of flex orthogonal to beam axis.
EI (J.m) is bending modulus, and p is linear density (kg.m? or Js?m™3)

General solution is

y = a;(t)sin(Bx) + a,(t)cos(Bx) + az(t)sinh(Bx) + a,(t)cosh(Bx), where B has units (m1).
y' = pBla;(t)cos(Bx) — az(t)sin(Bx) + az(t)cosh(Bx) + ay(t)sinh(Bx)}

y" = pH—a,(O)sin(Bx) — ay()cos(Bx) + az(t)sinh(Bx) + as(t)cosh(Bx)}

y"" = B3{—a,(t)cos(Bx) + a,(t)sin(Bx) + az(t)cosh(Bx) + a,(t)sinh(Bx)}

y"" = BHa,(O)sin(Bx) + ay(H)cos(Bx) + az(t)sinh(Bx) + as(t)cosh(Bx)} = Bty

& —py = ELB*y

Casel
’———--~~

y(0) =0 y() =0
y"(0)=0y"(1)=0

way(t) = —ay(t)
as(t) =a,(t) =0
sin(Bl) = 0 or Bl = nm.

24_/224 4 _ . [E o
) B* = p ( ] ) pz4 L (mm)*forn =1,23,.. (Note: o has units s%)
Note: First 3 modes, with w = n?m? / ,are w = 9.87 ’_514 ,39.48 ’—Ei ,88.83 ’_514

pl pl pl pl

yx) =T yu().sin (nl x)

=Yy, (0.2 COS( l”x)
y'(@) = —Zyn(t).(%)2 sin (")
y"(x) ==Xy ("T")3 cos ("7”96)

Vibration modes are w =

Checky(0) =0 &y(l) =0
y'(x)

Checky"(0) =0&y" () =0

v (x) =Y yn(0). (%)4 sin (%x) where i, (t) = —%(—) yn(t) forn=123,..

l
B o6 = o

i B

Note: Solutionis y,(t) = e  V°?

i.e. For each y,(t), solve 7, (t) =

X2
1 B BB
Hz; —m-U;
B BB
(a7, a5 v7,v7) g pf — mPog
us + F2 m“‘vé1 mig
A A A A
(CI1»CI2'U1'U2)
» X1
Ilzil — ,utruSSCOSH + ,ubendSl'TlQ
Illi? — —,u"uSSCOSH _ Hbendsing
l‘é — ‘utrusssing + ,ubendCOSH
HZB — _‘utrusssing _ Mbendcose

3
Forces at ends of beam are ;?¢"¢ = ;(0) = EL.y""(0) = —EL. Y. (nl—n) Y (£)

B

Note that ?¢" = (1) = EL.y""(l) = —EL. Z( ) D™y, (1)



var

var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var
var

t: second {7nit: 0}

PI: dimensionless {init: 3.141592};
theta_AB: dimensionless;
thetal_AB: dimensionless;
theta2_AB: dimensionless;
costheta_AB: dimensionless;
sintheta_AB: dimensionless;
g: m_per_s2 {init: 9.81};
1_AB_0: metre {7nit: 1};
1_AB: metre;

E: J_per_m {7nit: 10000};
R_truss: Js_per_m {init: 10};
R_beam: Js_per_m2 {init: 1}
strain_AB: dimensionless;
strain_rate_AB: per_s;

m_A: Js2_per_m2 {m7r 1};
m_B: Js2_per_m2 {init: 1},
F_A: J_per_m {init: 0};
U_A_1: J_per_m;

U_A_2: J_per_m;

U_truss_AB: J_per_m;
u_beam_AB: J_per_m;

V_A_1l: m_per_s {init: 0};
V_A_2: m_per_s {init: 0};
V_B_1: m_per_s {init: 0};
V_B_2: m_per_s {init: 0};
X_AB: metre;

Y_AB: metre;

g_A_1l: metre {init: 0}
q_A_2: metre {7nit: 0};
q_B_1: metre {7nit: 0.707106781};
q_B_2: metre {7nit: 0.707106781},
y_beam_AB_1: metre;

y_beam_AB_1_ampl: metre {7nit: 0.1}

y_beam_AB_2: metre;

y_beam_AB_2_ampl: metre {init: 0.1}

y_beam_AB_3: metre;

y_heam_AB_3_ampl: metre {init: 0.1}

v_beam_AB: m_per_s {7init: 0};
EI: Im {7nit: 0.03};
rho: 3s2_per_m3 {7init: 1};

3 3
ubeamﬂs = EI.[ H ] .ybeamm + EI.(Z.H] ...V

Lip Lus beamyg, Lip
X_AB = q_B_1-q_A_1;
_AB = g_B_2-q_A_2;
_AB = 5qrt(sqr(x_AB)+sqr(y_AB))

costheta_AB = x_AB/1_A

sintheta_AB = y_AB/1_ AB

strain_AB = (1_AB T1_AB_ 0)/1_AB 0;

strain_rate_AB = (X_AB*(V_B_1-V_A_ L+y_AB*(v_B_2-v_A_2))/(1_AB*1_AB_0);
U_truss_AB = E*strai n_AB+R_ truss*strain _rate_AB;

u_truss_aAB*costheta_aAB+u_beam_aAB*sintheta_AB;
u_truss_AB*sintheta_AB+u_beam_aAB*costheta_AB;

u_A_l =
u_A_2 =
y_beam_aB_1
y_beam_AB_2
y_beam_AB_3

y_beam_aAe_1_ampl*sin(sqrt(EI/rho) *sqr(PI/1_AB)*t);
y_beam_AB_2_ampl*sin(sqrt(EI/rho)*sqr(2 {dimensionless}*PI/1_AB)*t);
y_beam_AB_3_ampl*sin(sqrt(EI/rho) *sqr(3{dimensionless}*PI/1_AB)*t);

u_beam_aAB = EI*pow(PI/1_AB, 3{dimensionless})*y_beam_AB_l+EI*pow(2 {dimensioniless}*P1/1_AB, 3{dimensionle
ode(v_A_L, t) = (F_A+U_A_1)/m_A;
ode(v_B_1l, t) = -u_A_1/m_B;

ode(v_B_2, t) = -u_A_2/m_B-g;

ode(g_A_1l, t) = v_A_l;

ode(q_A_2, t) = v_A_2;

ode(q_B_1, t) = v_B_1;

ode(q_B_2, t) = V_B_2;

thetal_AB = acos(costheta_AB)*180{dimensionless}/PI;

theta2_AB = asin(sintheta_AB)*180{d7mensionless}/PI;
theta_AB ={theta_calculation} sel
case (x_AB > O{metref) and (y_AB > Ofmetre}f):
thetal_AB;
case (X_AB > Ofmetref) and (y_AB < Ofmetre}):
-thetal_aB;
case (x_AB < Ofmetreld) and (y_AB < Ofmetrel):
-thetal_AR;
case (X_AB < Ofmetre}) and (y_AB > Ofmetrel):
thetal_AB-360{dimensionless};

endsel;
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& Simulation ]
Property Value  Unit = E
Starting ... 0 second L ]
Ending p... 10 second -0 \
Point int... 0.01 second -100 \
: = >|1-150 \
. Graphs -200
Parameters -250 1
Property Value Unit 2 4 ‘ )
¥ main 1 { 4B m)
) costheta AB 0.97517062507... dimensionle j<IT\\ / >(
(C 1 10000 J per m 0.5 ]
@k 0.03 Jm 1 \ / \
®FA 0 J_perm 0 ] qlg l\m)j/
@g 9.81 m_per_s2 0.5 ]
o I_AB 1.00124422654... metre ]
®I ABO 1 metre 1 ] \/
@mA 1 Js2_per_m2 .
®mB 1 Js2_per_m2 U.1l 0 Vb -1
@r 3.141592 dimensionle ] /me
(S EW -0.1346385886... metre 0.05
®q7A71' 0.51560395151... metre/secor \ / \ \/
OqA2 0 metre 0]
(RN WA 0 metre/secor \ / \
©q5B_1 0.84174536962... metre 0.051
Qq_B_1' -0.5156039515... metre/secor ybeWAB—ZU
©qB2 -0.2217303931... metre 0.1
®qB2 -4.5815680059... metre/secor 0 ‘
® R_beam 1 Js_per_m2 80 ] "
® R_truss 10 Js_per_m ] ”
® rho 1 Js2_per_m3 60 trussAB
() sintheta_AB -0.2214548531... dimensionle ] } \
) strain_AB 0.00124422654... dimensionle 40 1
) strain_rate_AB 0.00900681457... per_s 201 / \
Ot 0 second 1
() thetal_AB 12.7945005566... dimensionle 0
. 0N thotao AR _12 7045NN55A Himancinnll:l v dwv’"’ uPEMB
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4.4 Finite element model of double pendulum

Muv+Rv+Kq=p
orv =M1 f(q,v,p

14Bcosf48 = qF — qf
14Bsing48 = ¢f — ¢4
‘uil — MAB'"uSSCOSQAB,

uél - AB.trussSinQAB'

U
ui = —p

AB.truss cos@ AB + 'uBC.trusscoseBC

il [uA] [d] X,
gt vh o I\
T U
and g=v 1T gz " T sV T us
g v o
45 ] VS ] [0S |

1BCcosBC = qf — gF

1BCsingB¢ = ¢ — ¥

‘ug — —,uBC'tTuSSCOSQBC

ﬂg - —MBC'tTuSSSl'TLGBC,

c c;,C c
H; —m v; —mtg

(CI1:QZ'U1: ) ‘—puf—mcvg

lBC

— (mB +m®)v§ — (mf +m)g

(qlB' qZ ’ Ul ) ) — (mB + mC)vll?

ﬂg - —MAB'tTuSSSiTlQAB + ’uBC.tTussSineBC ﬂé + FZA _ mAisz‘ _ mAg
A A A A
AB.tr AB . AB 4p _ AB-14B AB ui + Ff —m®of
pastTuss = g e 4 R é47, where e?” = as . L= (¢? —ql) +(q2—q2)
0 (Ch ,q5,viv )
B__ A\(,B_.A B__A
.ap _ (@8 -aD)(wf-vi)+(a5-a5)[vE—v3)
and el = 4B A5 > Xq
BC_;BC
BC.truss — BC BC il BC _
u =E.ePC + R.¢PC, where eP¢ —EC , 1 J(q —ql) +(q2—q2)
C__BY(,C_. B Cc_ B\, C_. B
and e8¢ = (ai-a7)(vi—vi)+(q5-a7)(v5-v3)
N 1BC B¢
A _Dfl_ [ MAB'truSSCOSHAB +F1A 1 ‘qzlél‘ _Ufl_
mA 04 pABtTussgingAB 4 FA —mAg a4 v
mB + mC€ o ~ —pABLTUSS 059 AB 4 BC.LTUSS s BC q? _ uB
mB + mC 1')5 —'U.AB'tTuSSSinGAB + ’uAB.trussSl-ngBC _ (mB + mc>g q123 Uf
C . . C C
m c U1C —‘LIBC'truSSCOSQBC qi Uy
m _1)25_ | _MAB.trussSineBC _ mcg | _qg_ _U%‘_




def unit m_per_s as var t: second {7nit: O}; var u_truss_AB: J_per_m;

unit metre; var PI: dimensionless {7nit. 3.141592}; var u_truss_BC: J_per_m:
unit second {expo:r -11; var g: m_per_s2 {init: 9.81}; var V_A_1: m_per_s {init: 0};
enddef; var theta_AB: d1mens1qn1ess; var V_A_2: m_per_s {init: O};
. var thetal_AB: d'!menS'_lon'Iess; var v_B_1: m_per_s {inir: 0};
def unit m_per_s2 as var theta2_AB: dimensionless; var v_B_2: m_per_s {init: O};
unit metreé ) ) var costheta_AB: dimensionless; var v_C_1: m_per_s {init: O};
enddQQTt second {expo: -2}; var sintheta_AB: dimensionless; var v_C_2: m_per_s {init: 0}
’ var theta_BC: dimensionless; var X_AB: metre;
def unit rad_per_s as var thetal_BC: dimensionless; var y_AB: metre;
unit radian: var theta2_BC: dimensionless; var X_BC: metre;
unit second fexpo: -1}; var costheta_BC: dimensionless; var y_BC: metre;
enddef; var sintheta_BC: dimensionless; var q_A_l: metre {init: 0};
var angle_diff: dimensionless; var q_A_2: metre {init: O};
def unit rad_per_s2 as var 1_AB_0: metre {7nit: 1}; var q_B_l: metre {init: 0.707106781};
unit radian; var 1_AB- metre: var q_B_2: metre {init: 0.707106781};
unit second fexpo: -2}; 1 - ’ R . var q_C_1l: metre {init: 0.707106781};
; var 1_BC_0: metre {init: 1}; KL
enddef; var 1 BC: metre: var q_C_2: metre {init: 1.707106781};

var E: J_per_m {init: 10000};
var strain_AB: d1mensqon1ess;
var strain_BC: dimensionless;

def unit Js2_per_m2 as
unit joule;
unit second {expo:r 2};

unit metre {expo: -2}; var m_A: Js2_per_m2 {init: 1},

enddef; var m_B: Js2_per_m2 {init: 1}
var m_C: Js2_per_m2 {init: 1},

def unit J_per_m as var F_A: J_per_m {init: 0},

unit joule;

unit metre {expo: -1}; X_AB = (_B_1-q_A_1;
enddef; y_AB = (_B_2-q_A_2;

1_AB = sqrt(sqr(x_AB)+sqr(y_AB));

def unit Js2_per_rad as

unit jouTe: costheta_AB = X_AB/1_AB;

unit second {expo: 2}; sintheta_AB = y_AB/1_AB;
unit radian {expo: -1}; strain_AB = C1_AB-1TAB_0)/1_AB_0;
enddef; U_truss_AB = E*strain_AB;

X_BC = q_C_1-q_B_1;

y_BC = q_C_2-¢_B_2;

1_BC = sqrt(sqr(x_BC)+sqr(y_BC));
costheta_BC = x_BC/1_BC;
sintheta_BC = y_BC/1_BC;
strain_BC = (1_BC-1_Bc_0)/1_BC_0;
u_truss_BC = E*strain_BC;

(u_truss_AB*costheta_AB+F_A)/m_A;
(-u_truss_AB*costheta_AB+u_truss_BC*costheta_BC)/(m_B+m_C);
(-u_truss_AB*sintheta_AB+u_truss_BC*sintheta_BC)/(m_B+m_C)-g;
-u_truss_BC*costheta_BC/m_C;

-u_truss_BC*sintheta_BC/m_C;

ode(v_A_1, t)
ode(v_B_1, t)
ode(v_B_2, t)
ode(v_c_1, t)
ode(v_C_2, t)

:

ode(q_A_1, t)

ode(q_A_2, t) = V_A_2;
ode(q_B_1, t) V_B_1;
ode(q_B_2, t) V_B_2;
ode(q_C_1, t) = v_C_1;
ode(q_C_2, t) V_C_2;
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nuuadxy uonejnu

Property Value  Unit 1.5
Starting point 0
Ending point 10
portintenal 001 second I qi (m)
< - > |
< e — > 3l . /\ 4 P
: s
Property Unit | ‘{ q
~ main 1
D angle_diff 96.564184700007  dimensionless ,
) costheta B 0.02199429914387  dimensionless 0.5- l ’
) costheta BC 0.000680843676722  dimensicnless B
@ 10000 1 perm q7 (m) '
g FA i} J_per_m
q 981 m_per_s2 ¥
Dine 0.993460846650495  metre 0 va (e cctl
@1 ae0 1 metre
(AN 0.993837630523614  metre
®18co 1 metre
m_A 1 Js2_per_m2
e mB 1 Js2_per m2
@ mc 1 Js2_per_m2 -0.5- § . 3 3 . 3 . 3 . )
@r 3141592 dimensionlass 10
[SEVS 0.267796017757375  metre
@anar -168045688685415  metre/second 1.5 Cc
Qan2 0 metre q3 (m)
@ qh2 0 metre/second 1]
(s PR 0.269646492606526  metre
[RETRS 0.895479230055027  metre/second 0.5
(S PLE] 0.903220524649753  metre =
@ a5z 0.348552581266696  metre/second /\ q‘él (m) /-\ "
Bac 1.27423133963001  metre 0-
Qaqcr 0.110501573255848  metrafsecond
Oace -0.857921170437068 metre -0.51
Qac> -7.82335216563275  metrefsecond * B
[ sinthota A8 -0.099758096143847 dimensionl q3 (m)
) sintheta BC 0.136138288647212  dimensionless -14 i
0 strain_s 0.0065391532405037 dimensionless
suinbc 0006162369476 cimensionkess | -1.5]
@ t o second
) theta1_AB BR73I9TI63234773  dimensionless
) thetat BC 7.82444837652066  dimensionless =21
) theta2_AB -88.7397363234773  dimensionless 0 2 4 6 8 10
¥ thetaz BC 7.82444837652964  dimensionless 0.03-
) theta_ag BALTI9TIEIZI4TTI  dimensionless Strain AB
0 theta BC 7.82444837652966  dimensionless 0.02- —
0 u_truss_AB -65.391533405037  J_perm 0.01
) u truss BC 61.6236947636638 ) per.m el
[< PN -168045688685415  m_per s 01
Qvar 1.43824004718675  m_per_s/second |
@\r_ﬁ_a 0 m_pers |'0o01 E | | i l
Over 0.895479230055027  m_per s -0.021
@uer -29.8058637926037  m_per_s/second . : : h
Qe 0348552581266696  m per s 0 2 4 6 8 10
[R N -46.5925296431086  m_per_s/second U3+ .
Qe -0.110501573255648 m_per 5 0.02. Strain_BC
Qo B10499685323942  m_per_s/second |
[s 7.82335216563275  m_per s 0.01+ | i IORARN A
Q. B.3IB0I4434527058  m_per_s/second 0. Ml | | |
(AFT] 0.0218504750491513 metre I N il | | i
(AFT D.984584846823483  metre -0.01 - | i
Dy e 0.993220524649753  metre 0,02

O y8c 0.135299354212685  metre

A




4.5 Finite element model of a rigid joint

In this example we use the same geometry as the double pendulum of the previous example
but now with a rigid joint which carries a moment between the two trusses.

The geometric relations for trusses on either side of the joint are:

lAB

cosf48 = qf — qf 1BCcos0BC = qf — qF

14B5inf48 = ¢f — ¢4 1BCsingBC = qf — ¥
Taking the time derivative of the first row:
gives —[4Bsing48 .0 4B = vF — ' ord 48 = (v{ — vf)/148sino48,

= —(vf —vy)/1B singBC
(vi —vf)

vE)/1BCsingB¢ = 0 4m

—vP).14Bsing4F = 0

and —[BCsingBC.0 BC = yf —vf org BC

This ensures no change in

. OAB _ §BC — (yA_
( B angle between the trusses

vE)/14Bsing 4B + (vf —
or (v{f —vP). [BCsingBC¢ + (v
(v{'. IBC 5infBC + vf . 14Bsing4B) /(148 sin648 + 15CsingBC)

€y

or v =
orvf = {vf. (¢§ — qF) +vf.(af — q5)}/(d5 — q5)
Taking the time derivative of the second row:

gives —14Bcos048.0 4B = vf — v or§ 48 = (vf —v%) /148 cosH4E,
—vF or B¢ = —(v§ — ) /1BCcoshBC

v5)/1BCcosHBC = 0 4m

or (v4 —vE).1BCcosOBC + (v§ — vE).14BcosH48 = 0

and —18¢cosfBC.0 BC = 1§

4B — 9 BC = (vf —v]) /148 cos84E + (VS —

s —mo5 —mcg
C c,;C
(Q1:Q2'U1' ) Hi —m-ug

lBC

- (mB + mC)vE - (mB + mc)g

(Qf’ qg’Uf.Ug) — (mB +mC)vll?

lAB

(‘h Q2'U1 Uz)

or v5 = (v4.18€ cosBC + v . 148 cos048) /(148 cosO4F + [BCcoshEC)
orvy = {vs' (¢f — qf) +v5.(qf —af')}/(af —atf') 2)
Eqgn (1) replaces the 3™ row of the previous set of equations: (or Eqn 2 could be used to replace the 4th row)
mA ‘le‘ [ HAB.trussCOSOAB +F1A )
04 @ v =0
_ @ o7 ={f (qf —af) +vf.(¢F —af)}/(df — ¢F)
mB + mC vé’:’ - _#AB.trussSinBAB + MAB'truSSSineBC _ (mB + mC)g
mC U1C _‘uBC.trussCOSQBC
m¢ oc| | —ABLTUSS 5in gBC _ pC g




14 Var Y pe T Ver Y up
B q.,-4,,

var q_B_1: metre {7init: 0.707106781};
var q_B_2: metre {7nit: 0.707106781};
var q_C_1: metre {7nit: 0.707106781};
var q_C_2: metre {7nit: 1.707106781};
¥_AB = gq_B_l-q_A_1;

_AB = (_B_2-(_A_2;

_AB = sqr't(sqr'(x_AB)+sqr(y_AB))

costheta_AB = X_AB/1_AB;
sintheta_AB = y_AB/1_AB;
strain_AB = (1 B-1_AB_0)/1_AB_O;
U_truss_AB = E* stram_AB

X_BC = q_C_l-q_B_

{_ = (_C_2-0_B_

_ sqrt(sqr (x_Bc)+sqr(y BC));
costheta_BC = %_BC/1_ Bc
sintheta_BC = y_BC/1_B

strain_Bc = (1_ BC'I Bc 0)/1 BC_O;
u_truss_BC = E* stra1n BC;

ode(v_A_1, t) = (u_truss_AB*costheta_AB+F_A)/m_A;

V_B_1 = (V_A_1%y_BC+v_C_1*y_AB)/(q_C_2-q_A_2);

ode(v_B_2, t) = (-u_truss_AB*sintheta_AB+u_truss_BcC*sintheta_gcC)/(m_B+m_C)-g;
ode(v_C_1, t) = -u_truss_BC*costheta_Bc/m_cC;

ode(v_C_2, ©) = -u_truss_BC*sintheta_BC/m_C-

ode(q_A_l, T) = v_A_l;
ode(q_A_2, T) = V_A_2;
ode(q_B_1, t) = v_B_1;
ode(q_B_2, t) = v_B_2;
ode(g_c_1, t) = v_C_1;
ode(g_c_2, t) = v_C_2;
thetal_aB acos (costheta_aB)*180 {dimensionless}/PI;

theta2_AB = asin(sintheta_aAB)*180 {dimensionless}/pP1;

theta_aB ={theta_calculation} sel
case (X_AB > Ofmetrre}) and (y_AB > O/metrel):

thetal_AB;
case (X_AB > Ofmetrre}) and (y_AB < O/metrel):
-thetal_aAB;
case (X_AB < Oﬁnerre}) and (y_AB < Ofmetref):
-thetal_aAB;
case (X_AB < Oﬁnerre}) and (y_AB > O{fwerrel):
thetal_aB- 350{d1men5mn7{=ss
endsel;
thetal_BC = acos(costheta_BC)*180{dimensionless}/P1;
theta2_BC = asin(sintheta_BC)*180{dimensionless}/P1;

theta_Bc ={theta_calculation} sel
case (x_BC > Ofmerret) and (y_BC > Ofmetre}):
thetal_gcC;
case (x_BC > Ofmerret) and (y_BC < Ofmetre}):
-thetal_gcC;
case (x_BC < Ofmerret) and (y_BC < Ofmetre}):
-thetal_gcC;
case (x_BC < Ofmerret) and (y_BC > Ofmetre}):
thetal_BC-360{d7mensionless};
otherwise:
thetal BC;
endsel;

angle_diff = theta_sBc-theta_as;
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X2

l.}lA — (#AB.trussCOSQAB + FlA)/mA

(a1, a2, vf' v3)

y A A A c c;,C
ui + Ff —mao] Hi—m vy

AL pA_ AA_ A .
My + £ —mfu; —mig s —mco§ —mcyqg

(qf,q5,v8,05)
(g5, 45, vf,05)
pf — (mf +m)ovf

pz = (mf +m)oy — (m? +m¢)g

v
=
[y

,U,AB'truSSCOSH AB + F1A

@ v =0

_HAB.trussSineAB + 'uAB.trussSinBBC _ (mB + mc)g
_'uBC.truSSCOSeBC

_#AB.trussSingBC _ ng

1-}%3 — {_MAB.trussSineAB + MAB.trussSingBC _ (mB + mc)g}/mA

f)f — _MBC.trussCOSQBC

@ 7 =i (¢f —qF) +vf. (a5 —a3)}/ (a5

—q%)



4.6 Dynamics of a thrown ball in polar & RC coordinates

Polar coordinates RC coordinates
X2 inertia centrifugal X2
* U, = —mv, + mrw? 4
inertia drag
A Hg = —mvy — mwv, — kvy

Vg . .
Vg =TW, Vg =TW + WU,
Tangent to

trajectory -

Trajectory

With no drag (k=0):

Equilibrium in r-direction: —mv,. + mrw? = mg. sinf Equilibrium in x4 -direction: mv,; = —kvgsind (3)
(1)

Equilibrium in @-direction: —mvy — mwv,. = mg.cosf (2)

Equilibrium in x,-direction: mv, = —mg — kvgcos6 (4)

From (1) & (2): (—mi)r + mrw2)2 + (—miy — mwv,)? = (mg)? vy = —v,.c0S0 + vysinb v, = —VU4c0S0 + v,sinf
or (1,)% + (1,)? + (wv,)? + (rw2)2 — 21D, + 20v,, = g? v, = v,.Sinf + vgcoso Vg = vySinf + v,cos6
Combining these, (v,)? + (v,)? = (v,)? + (vy)?
or (1,)% + (19)? + (wv,)? + 20wV, 1y + (rwz)z - 2rw?v, = g? & W)™+ @2)7 = )" + (vo)
Also vy = —V,.cos6 + v,.sinf. w + Vysind + vycos. w
or (11)% + (1,)% = g2 (see calculation on the right)
and Uy = v,.sinf + v,.cos6.w + VycosO — vgsing. w
From (1) & (2):: (Vg + wv,)sind — (V, — rw?)cosd = 0
a (012 + (02)7 = @007+ (09)? + (0v,)? + 200,05 + (Wvg)? — 20VyD,
But vy = (Vg + wv,)sind — (U, — wvy)cosh, «~ v, =0 5
or (1)% + (12)% = (1,)% + (V)% + (wv,)? + 20wV, + (rw?)” - 2rw’v,

Polar coordinate equations: v, = rw? — g.sinf RC coordinate equations: v, =0

Uy = Uy =—g
wv, + g.cosO



Unused text

o = (v (F -0 +(E v (vE-v4)

(08 -u)+ (v -v4)’

mAl\/(U1 U1) +(v7 _Uz)

B BB
| I
‘ (af, a5, v?,v5)
I
mAlI):?‘_ l"'l
uf(‘h:‘lz'vw
mig Ff
mAv)

(v7 —vi) (E e.sinf + FlA) Ising = q¢¥ — q{* or lcosh.w =vf —vf

lcosd = qF — g4 or —Isinf.w = v5 — v
o Po? = —Ul) + (v —vz)
Po.o=f—v)@0F —0f)+ (vf —v) (05 -

where w = \/(U1 —vl) + (v —Uz) /1
(vi-vf) (OF -0f)+(vF v} )(Uz —4)

\/(”1 _U1) +(v7 _Uz

S =

s = mrw?

Jw? = pj.lsind — pf.lcosd

04)



A B
=1(m” +m”)sinf. g — cosO. F” — Im”sinfcosO(w / u+l m* + m°sin“0
B A B A B B)? ( l-:nB ) A B o2

s2 = Js2m?.ms? - Jml - m.JsZm?s? / J.s2.radtm?

m. J.s2.m™2

RHS =Jm?t /JsZm1l=5s2

{”1 + Ising. (w?) }sm@ +{ — g + lcosf. (w?) }cos@ =0

or wisin@ + pscosd + L. m" (wB) = gcosf (5)

Equations 1..6 are solved for vf, vlf, v’zg, w?B, [,l‘f, ué
lsinf.
or w? == f
—B+l

or wf = {ﬁ+ Isin@ (wB)z}/lcose
mB )

or wf = {”2 g + lcosf. (w”?) }/lsm@

2 . . .
o —1 [ret=v, __ g.sinf+v,
0 = sin (—g ), r=T—

difference in the truss angles on either side of the joint times a torsional stiffness
term gives rise to a moment that is generated by the forces on those trusses. E.g. if
joint B is stiff, MZ = k(6B€ — §4F) and the change in angle can be made arbitrarily
small by making « large. For truss AB: MAE = uA(QZ — q2) 155 (q1 - q1 ) and for
truss BC: ME = uf(q5 — q7) — ps(af — af).



5. Control systems

W is now either mechanical force (J.m?) or mechanical torque (J.rad!) and v is velocity or displacement rate ¢ (m.s)
or angular velocity (rad.s?). In both cases the product . v is power (J.s1).

Examples:

5.1 PID controller

5.2 PID control of FE model of inverted pendulum with position & velocity feedback



5.1 PID controller

Consider a PID control system G, which generates an output force u¢ from a position error g¢.

The force € operates on a mechanical system Gp to generate the position gP, which is subtracted from the desired input position ' to give ¢ = q* — qP.

The PID controlleris u® = k,q° + kav°® + k;in®,
or, in the Laplace domain, u¢ = G.(s)q® where G.(s) = (kp + kgs + %)

where k,, is gain on proportional control with error signal g©

kg is gain on derivative control with v¢ = §¢

k; is gain on integral control with ¢ = fot qédt orn® = q°

. 2 2
Note that G¢(s) = (kp +kys + %) =K (sz‘+°s+w°)

k .
where K = kg, 20owo = 2, 0} =3 and { < 1; orkq = K,k = 2K{owo, k; = K}
d

kg’

This expression has a pole at the origin and two complex zeros

s = —{owo  /({owo)? — (wp)? = —{owy * iwy /1 -5

. . qP _ GeG KG
The transfer function for the whole system is = = —¢2 = =%
¢~ 1+GcGp  1+KG

where K is the open loop gain and KG is the open loop transfer function.

q‘+ q°,v° 7

e

Ge(s) =P Gp(s)

qp

complex s-plane

Gc zeros .,

Gp poles -»

_ ZU

A, W A 23— __g__ R




5.2 PID control of FE model of inverted pendulum with position & velocity feedback

X2
A
mA vf utress sin@ — Rvf + p® all i
of | _ B L5 B 5 (4%, 45, v%,v5)
mB v8 —utruss sin — Rv? qs vP
m? vE —utruss cos§ —mBg as vE
» X1
PID controller Inverted pendulum
Q= qg B qj}: v = (utrusS.sin® — Ruf + p®)/mA
V8 =07 — V7 | pe = kyq® + kque + kin®| p€
e . > i)f — _(‘utrusslsine _ va)/mB >
n=q
VB = —(utT%sS, cos® + mBg) /mP q2,v4, q5,v8
2 2
5%+ 20gwps + w
Go(s) = K( owo o)
s
(s.mA + R)vf = putTuss sin@ + p® (s.mA 4+ R)v! + (s.mP + R)vE = p®
(s.mB + R)vE = —(ut™¥ss. sind) (s.mB + R)vE = —(ut7s%. cosf + mP g)

(s.mP + R)vE = —(ut™ss.cos + mP g)

See https://youtu.be/XxFZ-VStApo



https://youtu.be/XxFZ-VStApo

var t: second {init: 0};
var t_0: second {init: 1};
var eta_e: ms {init: 0};
var g_e: metre;

varv_0: m_per_s {init: 1}; k_d = gain;

varv_e: m_per_s; k_p = 2{dimensionless}*gain*zeta_0*omega_0;
varu_e:J_per_m; k_i = gain*sqr(omega_0);

var k_p:J_per_m2;

var k_d: Js_per_m2; q_e=q_B_1-q_A_1;

var k_i: J_per_m2s; ve=v_ B 1-v Al

var gain: Js_per_m?2 {init: 100};

var zeta_0: dimensionless {init: 0.8}; ode(eta_e, t) = q_e;

var omega_Q: per_s {init: 100};

var PI: dimensionless {init: 3.141592}; u_e=k_p*q_e+k_d*v_e +k_i*eta_e;

var theta: dimensionless;

var thetal: dimensionless; X_AB=q_B_1-q_A_l;

var theta2: dimensionless; y_AB=q_B_2-q_A_2;

var costheta: dimensionless; I_AB = sqrt(sqr(x_AB)+sqr(y_AB));

var sintheta: dimensionless; sintheta = x_AB/|_AB;

var g: m_per_s2 {init: 9.81}; costheta = y_AB/I_AB;

var |_AB_0: metre {init: 1};

var |_AB: metre; strain_AB = (I_AB-I_AB_0)/I_AB_O0;

var E: J_per_m {init: 100}; strain_rate_AB = (x_AB*(v_B_1-v_A 1) +y_AB*(v_B_2-v_A_2))/(L_AB*|_AB_0);
var R:Js_per_m {init: 10};

var RR:Js_per_m2 {init: 1}; u_truss_AB = E*strain_AB + R*strain_rate_AB;
var strain_AB: dimensionless; u_A_1=u_truss_AB*sintheta;

var strain_rate_AB: per_s; u_A_2 = u_truss_AB*costheta;

var m_A:Js2_per_m?2 {init: 1};

var m_B: Js2_per_m2 {init: 0.00001}; ode(v_A_1,t) = (u_truss_AB*sintheta- RR*v_A_1+u_e)/m_A;
var F_A:J_per_m {init: 0}; ode(v_B_1, t) = (-u_truss_AB*sintheta - RR*v_B_1)/m_B;
varu_A_1:)_per_m; ode(v_B_2, t) = -u_truss_AB*costheta/m_B - g;
varu_A_2:)_per_m; ode(q_A_1,t)=v_A_1;

var u_truss_AB: J_per_m; ode(q_A_2,t)=v_A_2;

var q_i_1: metre {init: 0}; ode(q_B_1,t)=v_B_1;

varv_A_1:m_per_s {init: 0}; ode(q_B_2,t)=v_B_2;

varv_A 2: m_per_s {init: 0};

varv_B_1:m_per_s {init: 0}; thetal = asin(sintheta)*180{dimensionless}/PI;
varv_B_2:m_per_s {init: 0}; theta2 = acos(costheta)*180{dimensionless}/PI;
var x_AB: metre; theta = thetal;

vary_AB: metre;

var q_A_1: metre {init: 0};

var q_A_2: metre {init: 0};

var q_B_1: metre {init: 0.1};
vargq B 2: metre {init: 0.995};
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6. Fluid mechanics

W is now energy density or pressure (J.m3) and v is fluid volume flow (m?3.s1). Product u. v is power (J.s2).

Examples:

6.1 Straight tube

6.2 Branching blood vessel
6.3 Symmetric branching tree
6.4 Circulation system

6.5 Renal circulation module
6.6 Vasa vasorum



6.1 Straight tube

Elastic storage (e.g. a compliant blood vessel) is g = fvdt where v is the net flow into the elastic segment

and g (m3)is the excess volume caused by dilation of that segment. For flow through a vessel of length [, radius
r, and wall thickness h, the elasticity of the wall assuming a linear elastic material with modulus E, is Py
inertial storage is LU, where L = # (Js?>m™®), and the constitutive relation for resistance or dissipation is given

. . 8nl —6r - . . . :
by the Poiseuille relation: Au = R.v, where R = n—z‘} (Js.m™©) is the resistance to axial flow (of viscosity 7).

*------ P > The Laplace relation gives wall hoop stress
Elastance .. Excess volume q,

_/\ T = Tp
v, — P U3 h
nq —\/— Us where h is wall thickness. Pressure p is

8nl nonlinear function of excess volume q:
Resistance R, R; =R, =—
mrt p = poe

where p is pressure at ¢ = 0.

Uy = RqVq || pp = poequ Ue = R3v3

mT Tvz M6T

o > 1y U3 iy

Ps K7
1 l\ Note that 0-node (common )

— 1 5 1 imposes flow conservation.
Us = Liv = L0
5 1%1 |y, =v, +vg U7 3Us3

M1 =H2 + Uy THs (qy =V Uz = U3t U+ Uy

There are 11 state variables (q,, v1-v3, (1-17) and 9 eqns. Two boundary conditions are needed
e.g. specify upstream flow v; and downstream pressure 3.
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// State variables

var g2: m3 {init: 0};
varvl: m3_per_s {init: 1};
var v2: m3_per_s {init: 0};
varv3: m3_per_s {init: 0;
varul:J_per_m3;
varu2:J_per_m3;
varu3:J_per_m3 {init: 1};
varud:J_per_m3;

var u5:J_per_m3;

var u6: J_per_m3;
varu7:J)_per_m3;

// Constitutive parameters
var p0:J_per_m3 {init: 1};
var k3: per_m3  {init: 1};
var R1:Js_per_m6 {init: 1};
var R3:Js_per_m6 {init: 1};
var I1: Js2_per_m6 {init: 1};
var 13: Js2_per_m6 {init: 1};

// Conservation laws
ode(g2, t) =v2;
vl=v2+v3;
ul=u2 + u4 + u5;
u2=u3 +ub+u7;

// Constitutive relations
u4 = R1*vi;
u2 = pO*exp(k3*q2);
u6b = R3*v3;
ode(vl, t) = u5/I1;
ode(v3, t) = u7/I3;

li{)penCDR

File View Tools

Editing

Simulation

Help

| BG £1.celml || | BG #1.sedml || | BG #5.cellml [

BG #5.sedml [

hd Simulation
Property Value Unit
Starting point ] SECO
Ending point 3 SECO
Paint interval 0.01 SECO
] m 3
L4 Salvers
[ Graphs
Parameters
Property Value  Unit
4 main
{3 k3 1 per_m3
@ pa 1 1_per_m3
Qa2 o m3
() g2 01001 m3/second
{3‘ Rl 1 ls_per_mb
@ R3 1 ls_per_mb
0 t 0 second
¥ oul 1 1_per_m3
@' ud 0 l_per_m3
@ u3 1 1_per_m3
@ ud 1 l_per_m3
O 01000 Jperm3
@ vl 1 m3_per_s
© 2 01000 m3_pers
O 01001 m3_pers

0.7

IO JEET T T Lt oM




6.2 A branching blood vessel

Ry 25
Ril Ei Uy
251 Uq Ha
U3
Rs H3

// State variables

var g4: m3 {init: 0};
varvl: m3_per_s {init: 1};
varv2: m3_per_s;

varv3: m3_per_s;

varul:J per_m3;

var u2:J per_m3 {init: 0};
var u3:J per_m3 {init: 0};
varud: ) per_m3;

// Constitutive parameters
var R1:Js_per_m6 {init: 1};
var R2: Js_per_m6 {init: 1};
var R3:Js_per_m6 {init: 1};
var p0: J_per_m3 {init: 1};
var k4: per_m3 {init: 1};

// Conservation laws
ode(q4, t) = vi-v2-v3;

// Constitutive relations
vl = (ul-ud)/R1;
v2 = (u4-u2)/R2;
v3 = (u4-u3)/R3;
ud = p0*exp(kd4*qd);

Resistance of 15t branch

vy = (Ug — 12)/R;

Resistance of parent vessel

Ha — U2

vy = (g — pg)/Ry My = poe*eq,

251 —M41 1 / Uy
U ey V| s [
Qs =V —V;—U3 V3
Compliance of whole junction 1 \ U3
3

Uy — H

vg = (g — p3)/R3

Resistance of 2" branch
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6.3 A symmetric branching tree

1. Artery 3. Capillaries 5. Vein ode(ql, t) = "1"’2;*

Ry E1,91 Ry Ezq; Rz Eszqs Ry Euqn Rs Esqgs Re ode(q2, 1) = v2-n2*v3;
ode(qg3, t) = v3-v4;

* * * * R 4 * * A * * * * ode(q4, t) = n4*v4-v5;

o =P V1= [ly =P U, -}uzf: Uzl U3 =0 Uy = 1, =P Us =P [is =P U =P [l ode(q5, t) = v5-v6;

» 4
n, * * ny * q_art =ql+q2;
Ly L, Ls Ly Lg Lg q_cap =n2*qg3;
q_ven = q4+q5;
Y 2 = Uy — NyU3 Y {4 = N4V, — Us Y q_tot =*q_art +q_cap + q_ven;
— — 1=E1*ql;
B2 = Exq Ba = Esq Y '
‘ 2 242 4 4q4 U2 = E2%q2,
. . 5 — F2%n~2-
Li01 + Ryvy = po - 1 L33 + R3v3 = 1y - i3 LsUs + Rsvs = pg - Hs uz: Ei*qu
Lavy + Ryvy = pg — iz Lyvs + Ry = pg — g LeVg + RV = M5~ Hg urm s
q1=v1 -0, q3 =v3 — v, qs = Vs — Vs us = E>"a5;
ode(vl, t) = (u0-ul-R1*v1)/L1;
n=Eiq M3 =Ezqs Us = Esqs ( )=t )

ode(v2, t) = (ul-u2-R2*v2)/L2;
ode(v3, t) = (u2-u3-R3*v3)/L3;
ode(v4, t) = (u3-u4-R4*va)/L4;
ode(v5, t) = (u4-u5-R5*v5)/L5;
Total gior = q1 + q2 + N2q3 + Q4 + g5 oceiegvﬁ, 1) = (u5-u6-RE*v6)/L6;
u6=0;

Note: Require n, = ny to ensure arterial inflow equals venous outflow.

Pin = HoV1 is the total power entering the system
Pout = HeVs is the total power leaving the system
Psys = MoV1 — HeVs Is the total power absorbed by the system

This should equal the rate of dissipative energy loss pgis = Rlv% + R2v§ + R3v§ + R,;vﬁ + Rsvé + Rsvé



6.3 A symmetric branching tree — new version with p

1. Artery 3. Capillaries 5. Vein ode(ql, t) = v1-v2;*
Ry Eiq91 Ry E;q; Rz Eszqz Ry Euq. Rs Esqgs Re 233:;’ 3 B :232 v3;
* * * * R4 * * A * * * * ode(q4, t) = nd*v4-v5;
Ho=p U= [1g *Uz-bllzg: U3 U3 U4';Il4-> Vs =P [l =P U =P [Ug ode(qs, ) = v5-v6;
*ﬂu ﬂLZ* ny * * ny * q_art = ql+q2;
Ly Ly Ls Ly Ls Lg q_cap = n2*q3;
%(_/ %(_/ \ ] q_ven = q4+q5;
y = Uy —NyU3 4 = N4y — Ug g_tot=q_art + q_cap + q_ven;
‘ 2 = Exq» wy =ELqy ul=El*ql;
u2 = E2*q2;
Lia; + Ryvy = o - pq M1+ Rivy = 1o -y L3V3 + R3v3 = up - ug LsUs + RsUs = [y - Ug u3d = E3:q3;
Laay + Rpvy = 1 - 12 Mz + Rpvp =y - 11y LyUs + Ry = pig - py LeUg + ReVg = ps5 — g u; : Eg*qg;
91=01~ 12 qG1=v1-v; 3 =v3 — Uy qs =vs — Vs us = £o7g5;
v =ay 1 = Eyqq s = Esqs s = Esqs ode(vl, t) = (u0-ul-R1*v1)/L1;
Uy = ay Py = Lv > ode(v2, t) = (ul-u2-R2*v2)/L2;
B1=E1qy p: = L:u: ode(v3, t) = (u2-u3-R3*v3)/L3;
P1 =M1 = Ho - H1 — Rivy ode(v4, t) = (u3-ud-R4*va)/L4;
P2 = Uiz ode(v5, t) = (u4-u5-R5*v5)/L5;

ode(v6, t) = (u5-u6-R6*v6)/L6;
Note: Require n, = n, to ensure arterial inflow equals venous outflow. u6=0;
Total gror = q1 + g2 + 203 + g4 + g5

Pin = HoV1 is the total power entering the system

Pout = MeVs is the total power leaving the system

Psys = MoV1 — eV Is the total power absorbed by the system

This should equal the rate of dissipative energy loss pg;s = Rlv% + R2v§ + R3v§ + R4vﬁ + Rsvé + Rsvé

U1 = (Uo - p1 — Ryv1)/Ly
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Simple model of the circulation system

Ry, R;_3
E1,91 my-pp  Ezqz; py-pu3 Ezgs

t t t t t

U ey V) | ey 1) w13

f }

R10-1 H10-H1 €= V1o Uz =p [3-[ly R34
E10,910 €= K10 Wy =pE4,q4
- v -te Ry
Pressure (J.m3) & volume (m3): Ro_10 191110 €= Vo 4= g-ls Ry 5
M1, qq LA T l
H2,q> Lv Eg,q9<- Ho Us -PES:(I5
I3, Q5 aorta
U4, G4 Systemic circulation T l
Us, qs large veins Rg_o lg-llg €= Vg Us =9 li5-Hg R5_g
M6, 96 RA T l
U7, 97 RV
Ug, Qg pulmonary artery g G V) G [l e U, e [
U9, o pulmonary circulation * * * * ‘
10, Q10 Pulmonary veins Eg,qs  prps  Euq,  pe-ps  Eeqe
R7_g R¢_7

Flow rate (m3.s)
VU1.-VUqo
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q1
q2
q3
qs
qs
de
q-7
qs
9o
q10

30 eqns in 30 variables.

V1o — Vs
VUV — VU
UV — U3
VU3 — Uy
Vy — Vs
Us — Vg
Vg — Uy
V7 —Ug
Vg — Vg
Vg — Vg9

p =E; .qq
P2 =E; .q
uz =E; .q3
Ha =E, .q4
us =Es .qs
le =E¢ .q6
u; =E; .q7
ug =Eg .qg
B =Eg .q9
10 = E10-910

H1-pP2 = Ry_5 .Uy
M2-p3 = Ry 3 .03
M3-pg = R34 V3
M4-Ps = Ry5 .04
Ms-He = Rs_¢g . Us
Me-7 = Rg_7 . Vg
M7-pg = R7_g .7
Mg=Pg = Rg_g . Vg
Ho=P10 = Rg_10. V9
H10-M1 = Ryp-1.V10

Or vy =c¢ip -(U1 —WK2)

vy =cCpo3 (U2 —p3)
VU3 =cC3_q4 (U3 — p4)
Vy =C4o5 . (Ua — ps)
Us =Cs—¢ - (U5 — He)

Ve = Co—7 -(Ue — H7)
v; =cy_g (U7 — pg)
Vg =Cg_q .(Ug — Ho)
Vg = Cg_10- (o — H10)
V19 = C10-1- (10 — H1)






6.4 A model of the circulation system R,

Head & brain
Veins Capillaries Arteries U3 <
3
Ry
v 4
Eg.qs €= Ug <« Uy <Arms U3 =pE3,q3
A
Iy
v
Riy «=Via=p 14, ) R, <« V2p ],
Tricuspid Pulmonary Pulmonary Mitral Aortic A
Pulmonary —& et RA valve RV valve Lungs veins LA valve LV valve
arteries [ NSELOZ/0 E12,912  Rig E13,913 Ryo E14,914 Ry  Ei1s,915 Ry Eq,q4 R1
Right atrium ’ = rre— —_— Uqq =—p * * * * E
\ M1z is M3 = 0*19 — [l14 = Uio—V H15=—> 11*21—> 121 —>U1—> M2 =»E3,q;
\ I1g I 9 Iz I, /
Coronaries v
Ri7 4=vi7 14, Rs4=Vs=p |

Right ventricl . y 1 R ‘
ght ventricle N _ 4

E11,911 4% Hi11< Hi=pE,q,

Ug < R
t bR e —
R €= Vo=p I

Ri6 €=Vic=> 114 Ri3 Esq / Rg
1 Liverv*13 Portal vein Io * Gl tract ‘

E10.910€ H10¢ Vg ¢—— = E,q
1 \ .
113 13

Ri5s €=V 5= ;5
Ry

R;4= V7= I,

Kidneys
E9,qo €= o < V11 < He=»Eq,q6

v

144

Ry

Pelvis & legs

V12 <

I
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Equations for circulation model CellML text code in OpenCOR

n =E .qq g1 =V —Vq ul =El1*ql; ode(ql, t)=v20-vi;

u, =E, .q, q, =vy —VU; —Us u2 =E2*q2; ode(g2, t)=vl -v2 -v5;

3 =E; .q3 g3 =v; —VU3 —Us u3 =E3*qg3; ode(g3, t)=v2 -v3 -v5;

uy =E4 .q4 s =VUs —Ug —VUg—7Vqg U4 =E4*q4; ode(g4, t)=v5 -v6- v9 -v10;

us =Es5 .qs s =V —Uy; —Ug u5 =E5*q5; ode(g5, t)=v6 -v7 -v8;

He = EG N/ I3 qﬁ =Vy7 —UVUqq —UVUj2 u6 = E6*q6, 0de(q6, t) =v7 -vll-v12;

u; =E; .qy q; =vg —Uqg u7 =E7*q7; ode(q7, t)=v8 -v10;

Hg = Eg .qg q8 =vU3z +U; —Ug3 ug8 = E8*q8, 0de(q8, t) =v3 +v4 -v13;

Hg = Eg N/ [ C.IQ =Vq11 t V12 — Vg ug = Eg*qg, 0de(q9, t) =v1l+vl2-vl4;

Hio = ElO' qd10 Q10 =Vq09 +t V14 — Vg5 ulo= E10*q10, 0de(q10, t) =v10+v14-v15;

Hi1 = Ell' q11 qll =Vg + V15— Vqg ull= Ell*qll, Ode(qll, t) =v9 +v15-v16;

Hi2 = E12' q12 qu =Vq13 +t V1 — V17 ul2 = E12*q12, 0de(q12, t) =v13+v16-vl7;

Hi3 = E13. q13 Q13 = V17 — Vg uld= E13*q13, ode(q13, t) =v17-v1s;

Higa = E14. q14 Q14 =UV18 — Vg9 ulg = E14*q14, Ode(q14, t) =v18-v19;

Ui = E15. q1s Q15 = UVUq19 — Uy ul5 = E15*q15, ode(q15, t) =v19-v20;

W — Uy = R]_Ul + Ili)l Ilill =U — Uz — R1U1 i)l = aq Ode(Vl, t) = (u1-u2 -Rl*Vl)/ll,

P2 - Pz = Ry + LU, LUy =y -3 — Ry, vy = (U~ pz —hay)/Ry ode(v2, t) = (u2-u3 -R2*v2)/12;

U3z — g = R3vusz + 303 I3U3 = u3 —ug — R3v3 ode(v3, t) = (u3-u8 -R3*v3)/I3;

U3 —Hg = Ryvy + 1,0,y I,y = p3 — g — Ryvy ode(v4, t) = (u3-u8 -R4*v4)/14;

Uy — g = Rsvus + [50U5 Isvs = pp -y — Rsvs ode(v5, t) = (u2-u4 -R5*v5)/I5;

U4 — U5 = Rgug + Iglg IgUg = Uy — s — RgUg ode(v6, t) = (u4-u5 -R6*v6)/16;

Us - e = Ryv; + 1,05 I;U; = pus - g — Ryvy ode(v7, t) = (u5-ub -R7*v7)/17;

HUs — 7 = Rgug + Iglg IgUg = ps - w7 — Rgug ode(v8, t) = (u5-u7 -R8*v8)/I8;

Uy — U171 = R9U9 + Igi)g Igilg =Ug - 11 — R9v9 Ode(Vg, t) = (u4-u11-R9*v9)/I9,

Ba+ Py - 1o = RioV10 + l10V10  l10V10 = M4 + M7 - H10 — RioV10 ode(v10, t) = (u4+u7-u10-R10*v10)/110;
P —Ho = Ry1Vyg + 111014 I11011 = Be —Ho — Ry1V13 ode(vll, t) = (u6-u9 -R11*v11)/I11;
P —Ho = RipVip + 115012 I12012 = Be — M9 — Ry2V1 ode(v12,t) = (u6-u9 -R12*v12)/I12;
Mg —M12 = Ry3V13 + 113053 13013 = pg —H12 — Ri3Vs3 ode(v13, t) = (u8-ul2 -R13*v13)/113;
Ho —H10 = Ri4V1s + 114014 I14V14 = P9 —P10 — R14V14 ode(v14, t) = (u9-ul0 -R14*v14)/114;
Pi0-M11 = Risvqs + I1sUss I15015 = H10-H11 — RisV1s ode(v15, t) = (u10-u11-R15*v15)/I15;
P11-M12 = RigV16 + l16V16 l1V16 = H11-H12 — Ri6V16 ode(v16, t) = (u11-u12-R16*v16)/I16;
Bi2-M13 = Ry7V17 + L7047 I17017 = 12-M13 — Ry7V17 ode(v17, t) = (u12-ul13-R17*v17)/I17;
M13-M14 = RigV1g + 1gV1g 1018 = M13-M14 — RigV1s ode(v18, t) = (u13-u14-R18*v18)/I18;
M1a=M15 = RigV19 + l19019 l19V19 = P1a=H15 — RigV19 ode(v19, t) = (u14-u15-R19*v19)/I19;

Bis=H1 = RaoVz20 + I20020 L0020 = M1s=H1  — RpoUz0 ode(v20, t) = (u15-ul -R20*v20)/120;
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6.5 Renal circulation module

f__\

9. Efferent 8. Capillary 7. Glomerulus 6. Afferent 5. Cortical 4. Arcuate 3. Interlobar 2. Segmental 1. Renal
Rio Eqq9 Rg Rg E7,q7 Ry Ee,q6 Re Es,qs Rs Eqqs Ry E3,q3; R;3 E3q; R E1,91 Ry
& LR JUE SN S SN N S S N T SN N
Hio == V10 <= [Lg €=V, vg 4— Hy 4= v7<_ Hs"va<— s €= 1)54— R o U44— 758 o 034—1124- vy 4—#14- Uy = Ly
ng 110 N9 13 18 "’7 17 n6 16 n'5 15 n4 14 "'3 3 nz IZ nl a
i=9 ) . i=8 , \i=7;n7=} i=1
Y Y Y —_—
Lo+ Rvy = pimq -y Loy +Rvy = pioq -y Ll + Ryvy = g - 1y L0; + Ryvy = g — 1y
Qi =v; —nvyy Qi =nv; — Vg Qi =V; — Viyq i = V; — N
M =Ei.q; B = Ei.q; i =Ei.q; w=E.q
18. Renal 17. Segmental 16. Interlobar 15. Arcuate 14. Cortical 13. Stellate 12. CPCP-2 11. CPCP-1
R17 Ei3,9.s Ri17 E17,917 Ri6 E16.916 Ris E15915 Ris E14,912 Ry3 Eq3,913 Rz E12,912 Ry1 E11,911 24
P 4+ ~ 4 4t ~ 4 ~ 4 ~ -
Hodem= V7 = g €= V7= [l17 €= V€= [l1c €=Vi5¢= [l15 €= Vi y=[l1y €= V3= [l13 €= V1) €=} V11 P11 Ko
®. *. *. - *. * =
I17 sy, ™7 Iy ™Me 1yg e M4 s M3 Iy ™Mz oy e
i=18; nyg=1 =12 i=11my =1
Y Y
LV + Rvy = g - IV + Ry = py—q - 1y Lo + Ryv; = i1 - 1
qi =V; — V4 qi = Nv; — Viyq qi =V; = Vjyq
u;=E;.q; u; = E;.q; i = Ep.q;
Note: Require nyn,n3nyng = NnyzNaNisNigNi7 ;N =Ng; Ny = 1;N9g =nqp;nq91 =1
#afferents = #efferents =n n,nznyng
#glomeruli =nynynznngng; e.g.n; = 3 = 3% = 729;and 4° = 4096; 9¢ = 531,441
# capillaries within all glomeruli =n;n,nzn nsng
#capillaries within all CPCP = nyn,nznyngsngng
Qarterial = 91 + MGz + MNaqs + yNaN3qy + NyNN3N,qs + Ny NoNgNUNs g6 + NyNpN3NLNS N7 + NN N3NNs (g8 + qo)
niNyN3Ny N5 niNn,N3zNyNs niNyN3Ny N nin,n3zNyNs nNyN3Ny N
Quenous = MiMpN3NyNsNg(11 + NyNN3 NNz + qi13 + + + + q17 + q1s

13 14 15 16
N3 N13N14 N13N14Ny5 N13N14MN15M16 N13MN14MN15M16M17

g_tot=ql+nl*g2 +n2*qg3 + n3*g4 + n4*q5 + n5*q6 + n6*¥q7 + g8 + q9 + n9*q1l + n13*q12 + n14*q13 + n15*q14 + n16*q15+ n17*ql6 + q17 + q18

Eg,qs

Hg

N . . e - . d A 8n . . .
The constitutive relation for resistance or dissipation is given by the Poiseuille relation: ﬁ (= —’l) = R.v, whereR = H—TZ is the resistance to axial flow (of

l
viscosity ) through a vessel of radius r.



6.5 Renal circulation module

i=1 i=2 i=3 i=4 i=5 i=6 i=7 i=8 i=9 i=10 i=11
1. Renal 3. Segmental 5. Interlobar 7. Arcuate 9. Cortical 11. Afferent
Ry Ei1,91 Ry Ezq, R3 Ezqs Ry Esq, Rs Esqs Re Eeqs R; E7q97; Rg Egqs Ro Eogqo Rig E10,910 R11 E11,911 Riz

I N R I R T T T T T L

Ho =P V1= [11 =PV, -Vllz-b V3= i3 =P U4->ﬂ4-> Us =P [is = Vg -Pﬂs-b V7= |7 =P Us-Plls-P Vo= [ig ->U10§M10'>U11'>M11->U12->#12

"z * n4 ne ns n10

Ly L, L3 Ly Ls Le Ly Lg Lo Ly Ly Ly,

qi =V; — N4
Hi = Eiq;

Loy +Ryvy =po-p1 Livi + Ryvy =g - 1

. . Note: Require NyNyNgNgN1g = NpeNpaMNogNoeNyg ; N1 = N4 ; N1 = Nqg
LUy + Ry =y — Py Lig1Vivq + RiyqVin = Wi~ Higa

q1=v1 -V, Qi =V —Vjyq #afferents = #glomeruli = #efferents = #CPCP =#stellates = n,n ngngnqg
m = Eiq M = Eiq;
! Co e.g.n; =4 = 4% =1024;and n; = 12 = 125 ~ 250,000
=12 =13 =14 i=15 =16 =17 i=18 #capillaries within all glomeruli = n;,.#glomeruli
13. Glomerulus 15. Efferent 17. CPCP . . . )
E12,912 Rz E13,913 R14 E14,.914R15 E15,015 R E16,916 R17 E17,917 Rig E18,q18 #capillaries within all CPCP =n.#glomeruli

L | .4

->H12-D1713 K137 V4= P14 Vg5 P50 VgD flig= V177 Ha7 U1s'>!l1s'>

n12 Nig Nie * Nig
Ly3 Lig Lis Lie Ly7
qi =NV; = Viyg qi =V; =NV qi =NV; — Vg
wi = Eiq; wi = Eq; wi = Eiq;
i=19 i=20 i=21 i=22 i=23 i=24 i=25 i=26 i=27 i=28 i=29
19. Stellate 21. Cortical 23. Arcuate 25. Interbolar 27. Segmental 29. Renal

Ry9 E19,919 R20 E20,920 R21 E21,921 R22 E22,922 Raz E23,423 Raq E24,924 Ras Ezs5,925 Rag Ez6,926 R27 E27,927 Rag E28,928 Ra9 E29,929 R3g

A 4 At 2 b At A A At

Hig=Pp V19 P> K19 ’Uzo'»llzo* U219 Il21§vzz'>ﬂzz* Uz P #23*”24"#24* V5P ﬂzs’vze'»ﬂze’ V7P I‘27§Uzs'>ﬂzs* V09> Hao P> U3o™P> 30

+ n, ¥ i ny ¥ i i ¥ + nas

Lyy Ly3 Las L7 L Lo

nzo
Ly Lo

qi =NV — Uiy
ui = Eiq;

Qarterial = q1 + q2 +12(q3 + q4) + 1214(qs + q6) + nanane(qr + qg) + nanmunegng(qo + q10) + Nananengngoe(qi1 + q12)
Qeapitiary = N2NaNeNgNyo(M12G13 + 14 + G15 + G16 + N16G17)

q20 t q21 + q22 + q23 + q24 t (25 " 26 t q27
20 NaoMN22 NooMN22M24  MN2M22M24M26

Quenous = N2MNyNgNgNyg (‘hs + 419+ ) + q28 + q29
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ode(ql, t)=vl -v2; ul =E1 *q1; ode(vl, t)=(u0 -ul -R1 *vi1 )/L1;
ode(q2, t)=v2 -n2*v3; u2 =E2 *q2; ode(v2, t)=(ul -u2 -R2 *v2 )/L2;
ode(q3, t)=v3 -v4; u3 =E3 *q3; ode(v3, t)=(u2 -u3 -R3 *v3 )/L3;
ode(q4, t)=v4 -nd*v5; ud =E4 *q4; ode(v4, t)=(u3 -ud -R4 *v4 )/L4;
ode(q5, t)=v5 -v6; u5 =E5 *q5; ode(v5, t)=(ud4 -u5 -R5 *v5 )/LS5;
ode(q6, t)=v6 -n6*v7; ué =E6 *g6; ode(v6, t)=(u5 -ub -R6 *v6 )/L6;
ode(q7, t)=v7 -v8; u7 =E7 *q7; ode(v7, t)=(ué -u7 -R7 *v7 )/L7;
ode(q8, t)=v8 -n8*v9; u8 =E8 *g8; ode(v8, t)=(u7 -u8 -R8 *v8 )/LS;
ode(q9, t)=v9 -vi0; u9 =E9 *q9; ode(v9, t)=(u8 -u9 -R9 *v9 )/L9;
ode(q10, t) = v10- n10*v11; u10 = E10*q10; ode(v10, t) = (u9 -u10-R10*v10)/L10;
ode(q11, t) = vi1-vi2; ull = E11*ql1; ode(v11, t) = (u10-u11-R11*v11)/L11;
ode(q12, t) = v12- n12*v13; ul2 = E12*q12; ode(v12, t) = (u11-u12-R12*v12)/L12;
ode(q13, t) = v13- vi4; ul3 = E13*q13; ode(v13, t) = (u12-u13-R13*v13)/L13;
ode(q14, t) = n14*v14-v15; uld = E14*q14; ode(v14, t) = (u13-u14-R14*v14)/L14;
ode(q15, t) = v15- v16; ul5 = E15*q15; ode(v15, t) = (u14-u15-R15*v15)/L15;
ode(q16, t) = v16-n16*v17; u16 = E16*q16; ode(v16, t) = (u15-u16-R16*v16)/L16;
ode(q17, t) = v17- vi8; ul7 = E17*q17; ode(v17, t) = (u16-u17-R17*v17)/L17;
ode(q18, t) = n18*v18-v19; u18 = E18*q18; ode(v18, t) = (u17-u18-R18*v18)/L18;
ode(q19, t) = v19 -v20; u19 = E19*q19; ode(v19, t) = (u18-u19-R19*v19)/L19;
o0de(q20, t) = N20*v20-v21; u20 = E£20*q20; ode(v20, t) = (u19-u20-R20*v20)/1.20;
ode(q21, t) = v21 -v22; u21 = E21*q21; ode(v21, t) = (u20-u21-R21*v21)/L21;
ode(q22, t) = n22*v22-v23; u22 = £22*q22; ode(v22, t) = (u21-u22-R22*v22)/1.22;
ode(q23, t) = v23 -v24; u23 = E23*q23; ode(v23, t) = (u22-u23-R23*v23)/1.23;
ode(q24, t) = n24*v24-v25; u24 = E24*q24; ode(v24, t) = (u23-u24-R24*v24)/124;
ode(q25, t) = v25 -v26; u25 = E25*q25; ode(v25, t) = (u24-u25-R25*v25)/L.25;
ode(q26, t) = N26*v26-v27; u26 = £26*q26; ode(v26, t) = (u25-u26-R26*v26)/1.26;
ode(q27, t) = v27 -v28; u27 = E27*q27; ode(v27, t) = (u26-u27-R27*v27)/1.27;
ode(q28, t) = n28*v28-v29; u28 = £28*28; ode(v28, t) = (u27-u28-R28*v28)/1.28;
ode(q29, t) = v29 -v30; u29 = £29*q29; ode(v29, t) = (u28-u29-R29*v29)/1.29;
u30 = 0 {dimensionless}; ode(v30, t) = (u29-u30-R30*v30)/L30;

g_art =ql+q2+n2*(q3+g4) + n2*n4*(q5+q6) + N2*n4*n6*(q7+q8) + n2*n4*n6*n8*(q9+q10) + Nn2*n4*n6*n8*n10*(qll+ql2);

g_cap = n2*n4*n6*n8*n10*(n12*q13 + q14 + q15 + q16 + n16*ql7);

g_ven =n2*n4*n6*n8*n10*(q18 + q19 + (q20+q21)/n20 + (q22+q23)/(n20*n22) + (q24+¢25)/(n20*¥n22*n24) + (q26+727)/(n20*¥n22*n24*n26)) + q28+q29;
q_tot=g_art + q_cap + q_ven;



v. Vasa vasorum

y =— E,q, Gy = vy
* Ky = Evqy
U, — R, Ryvy = po - py

1. Renal artery 3. Segmental

Ry E;9; Ry Ej;q, Rz E3qs Ry

L

Vo = Uo =P V1= [l = V; =P U, -:=U3'>I‘3'>U4

"2* *

Ly L, L Ly
v, =V — v, 4z = Uz —NnpU3
= Exq»

L0y + Ryvy = o -1y L303 + R3vz = pp - i3
LyUy + Rovy = pg - iy LyUy + Ryvy = pz - 1y

q1=v1-v; qi =V = Vjy1
m=Eq K = Eiq;
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7. Biochemical systems

Examples:

7.1 Diffusion

7.2 Biochemical reactions

7.3 Simple reaction 1

7.4 Simple reaction 2

7.5 Enzyme catalysed reaction: Michaelis-Menten kinetics
7.6 Reaction with mixed stoichiometry

7.7 Membrane ion channels



7.1 Diffusion

The quantity g being transported is the molar concentration (mol.m) of solute dissolved in the solvent;
v is therefore the molar concentration flow rate g (mol.m=.s1); and the driving force p is now the
solute partial pressure (J.m3.mol). The product u. v is power (J.s%).

The mass of solute must be conserved. The storage of solute as molar concentration ¢ = ou depends
on the solubility coefficient a(mol”.m.J1). Alternatively u = Kgq, in terms of elastance K (J.mol2.m®).

The constitutive relation between molar concentration flow rate v and driving force p is Fick’s relation
v = ku, where k (mol2.m*.J-1.s1) is the diffusivity . k"1is the resistance (J.s.mol2.m®).

The bond graph model is:

q1 K1 q: )
{h =-v; W =Kaq
1U1 Tyl — Uy Tvl 42 = v1 Mz =Kzq;

[T | P — | ) vy =k (p1 — p2) = k(K191 — K2q32)

// State variables // Conservation laws
var g1: mol_per_m3 {init: 1}; ode(ql, t) = -vi;
var g2: mol_per_m3 {init: 0}; ode(q2, t) = vi;

var vl: mol_per_m3_per_s; o s .
—Per_m>_per_ // Constitutive relations

// Constitutive parameters vl = Kappal*(K1.q1-K2.g2);
var K1: Jm6_per_mol2 {init: 1};
var K2: Jm6_per_mol2 {init: 1};
var Kappal: mol2_per Jsmé6 {init: 1};

. . . . . kT . - . .
T Einstein showed that if a spherical molecule is large compared to the solvent molecule, k = P where u is the coefficient of viscosity

for the solute and a is the radius of the solute molecule. See Keener & Sneyd Mathematical Physiology Springer-Verlag 1998, p37.



7.2 Biochemical reactions

U is now chemical potential (J.mol1) and v is molar flow rate g (mol.s’1). The product u. v is power (J.s1).

q1

dtot
and g, is the total number of moles of all substances in the mixture.

For a dilute system, p; = u] + RT In (J.molt) where g4 is the number of moles of substance 1

L eM/RT (moF1) and RT =2.5 kJ.mol! at 25°C (298K).

Or uy = RTInK;q, (J.moll) where K; =

tot

Note that this is a thermodynamic relationship and K; is a thermodynamic parameter.

In the bond graph context this is a capacitive constitutive relation and K is a constitutive parameter.

A
Now consider a reaction 91 <T> d2  (where A7and A"are the forward & reverse affinities)

represented by a dissipative reaction component Re:

=AS = A"
CI1511—> Re 522—>CI2

The ‘reaction rate’ or molar flow is given by the Marcelin-de Donder formula:

AT JRT AT /RT

v=vt—v",wherev™ = ke andv™ = ke and hence

V=K (eAf/RT — eAT/RT) or v = k(et1/RT — gh2/RT)
Note that x has units of mol.s! and that this is an empirical resistive (dissipative) constitutive relation.

The direction of flow is determined by the solution to ensure that the second law of thermodynamics is
satisfied (AG = AH — TAS < 0).



7.3 Simple reaction 1

Now consider the reaction:
Af
q1+q2 —=—2 q3+q,

r

! g1 = —vy Mg =RTInK;q,

The Bond Graph representation is: g2 = —v1 M2 =RTInK;q,
= u3 = RTInK3q3

Qs s =RTInK,q,

q1 1 Us q3
\ Us Ue / Ms = pq + U

T U1_> Rel _>U1

4 He = U3 T+ Uy
QZ/ \ / \K qa Uy = Ky (eHs/RT — le/RT)

Q.
w
(1
e c
(SR

Enforces stoichiometric relationship

This gives 11 equations in the 11 variables (q1- g4, v, u1- pg) With 5 parameters (K;-K,, k4).

Substituting for the potentials gives:

v1 = Kl(el“S/RT — QMG/RT) — Kl(eﬂl/RTeﬂz/RT — eﬂS/RTeIlZI/RT) = Kl(chhKZCIZ — K3q3K4q4)

Or q; = —k1K1K,q91q9, + k1 K3K,q3q4 , which reveals the expected ‘mass-action’ relationship,

with forward reaction rate A{ = —k;K;K, and reverse reaction rate A} = K, K3K,.

f
_ Al Kk
At equilibrium &1t =21 — 2172

9192 A1 K3Ky

Note distinction between thermodynamic quantities K;.. K, and reaction kinetics parameter k4,
and the relationship between Kj.. K, & k; and the experimental reaction rate constants.
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// State variables

var g1: mole {init: 1};
var g2: mole {init: 0};
var g3: mole {init: 0};
var g4: mole {init: 0};

var vl: mol_per_s;

varul:J) per _mol;
var u2:J per_mol;
var u3: ) per _mol;
var u4: ) _per_mol;
var us:J per _mol;
var u6: J_per_mol;

// Constitutive parameters
var K_gl :per_mol ({init: 20};
var K_g2 :per_mol ({init: 20};
var K_g3 :per_mol ({init: 20};
var K_g4 :per_mol ({init: 20};

var K_Rel: mol_per s {init: 0.1};

// Constitutive relations
ul =RT*In( K _gl*ql);
u2 =RT*In(K _gl1*q2);
u3 =RT*In(K_g3*qg3);
ud =RT*In( K _gd4*q4d ),

vl = K_Rel*(exp(u5/RT)-exp(u6/RT));

// Conservation laws
ode(ql, t) = -vi;
ode(g2 ,t) = -v2;
ode(qg3, t) = v3;
ode(q4, t) = v4;
u5=ul + u2;
u6 =u3 + u4;




7.4 Simple reaction 2

Now consider the reaction:

f

Al
11— 49:+4s

Ay

The Bond Graph representation is:

Mz q:

u

\ / as

Enforces stoichiometric relationship

‘:11 =—-v; W1 =RTInkK;q
Q2= V1 Mz = RT InK,q,
g3 = V1 Mz =RTInKzqs

Uy = Uz + U3
v1 = Kl(eﬂl/RT — 8#4/RT)

This gives 8 equations in the 8 variables (q1- q3, v1, 11- 14) with 4 parameters (K;-K3, k).

Substituting for the potentials gives:

v1 = Kl(eﬂl/RT — eﬂ4/RT) = Kl(eﬂl/RT — e”Z/RTe”B/RT) —

Or vy = —Kk1 K191 + K1 K3K3q5,93,

with forward reaction rate A{ = k1 K; and reverse reaction rate A] = k;K,Kj5.

9293 =A_{_ Ky

At equilibrium — = — =
q1 A1 KaK3

— K,q,K3q3)
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7.5 Enzyme catalysed reaction: Michaelis-Menten kinetics

Now consider the simplest enzymatic reaction, first proposed by Henri T but commonly referred to as
Michaelis-Menten kinetics

Y Al
q1 + q> <—9 qs3 (—5 qz + q4
1 2

where 4 is a substrate that binds reversibly to an enzyme g, to form the complex g3, which
breaks down to regenerate the enzyme and yield a product q,. Note that this last step is treated

as irreversible in conventional MM kinetics, since AJZC > Aj.

The Bond Graph representation is: The equations are:
g1 = —V; 1, =RTInkK,q,
qs3 q; = v, U1z = RT InK,q,
v ‘I:3 = U3 U3 = RTInK3q;
3 qs = V4 ts = RTInK,q,
He = Uz + Uy
U2 = U4 — U1
U3 = U1 — U4
v, = Kl(eﬂS/RT — eﬂS/RT)
This is the recycllng v vy = iy et/ RT — eto/RT)
of the enzyme g . 2
QZ

i.e. 14 equations in the 14 variables (q- g4, v1- v4, u1- pg) With 6 parameters (K;-K,, k4, k).

T\ Henri. Lois Generales de 'action des Diastases. Hermann, 1903.



The Bond Graph equations kf kf
q:l = -V 1y = RTInK,q, q1 + q, h; qs ha q, + qs
qz = VU, P2 = RTInK,q, kT k%
q3 = U3 p3 = RTInK3q; qs
s = V4 py = RTInKyq, T
U3
M5 = p1 + U q1_>v1—>Re1 —>M3—>R82—>U4—>Q4

Ue = Uz + Uy
Uy =VUgq — Vg
Uz = V1 — Uy

Uy =K (e”S/RT el‘S/RT) =K (eﬂl/RTeHZ/RT — eHB/RT)

‘U4 =K (e”B/RT — elvl6/RT) =K (e”S/RT — e”Z/RTeI‘4-/RT) UZ

QZ

can be rearranged to eliminate flows not associated with a reaction and to eliminate the potentials,

S ~
Z-l _ vl . 4 9 1 O m x n stoichiometry matrix

q-z _ v: _ Ui o Zi 1 _1 [ ] for m=4 species

Gs= v, q. 0 and n=2 reactions

v1 =k (K1q:K2q; — K3q3) = 1K1 K>q192 — 11Kz The reaction rate constants are therefore:
vy = k(K393 — K2q:K4q4) = K2K3q5 — K, K3Kuq2q, k{ =k, K. K, , kT = Kk.Ks

At equilibrium, v; = v, = 0 and K;q, = K,q.. k] =koKs K} = KKoK,

Note that the conservation of mass for q, is ensured. Note consistency of units in Bond Graph equations!



Notice that v, = —v3 and therefore the total amount of enzyme stays constant.

i.e. Uy tvuz= % (g, + g3) =0o0rq, + q; = E,, the initial quantity of enzyme.

If we assume steady state' individually with ¢, = 0 and g3 = 0 (i.e. a constant throughput rate v; = v,)
and also assume that the last reaction operates in the forward direction onlys (i.e. by putting K, = 0),
then

V1 = K1 K1K2q19; — K1 K3q3 = vy = K3K3q3
Therefore

(k1 + K2) K3q3 = k1K1K, q,(Ey — q53)
or

[(rc1 + K2)K3 + K1 K1K2q11q93 = kK1 K Eqq4

and hence (dividing both sides by k; K; K5),

_ (K1+K2)K3

. K2K3qu1 .
=V, = KK = —=——— where k,,, = ———— is the MM constant.
qd4 4 208303 K tay | m KK,
In terms of the reaction rate constants, this becomes v
4
A
f fr
kz E0q1 k2 +k1 f ———————————————
= 22" where k,,, = 2+ k3 Eqo
Y kmtar m k{
This is the usual Michaelis-Menten expression .
(see www-jmg.ch.cam.ac.uk/tools/magnus/michmenten.html). km 91

TThis Briggs-Haldane analysis of the reaction assumes that there is a much higher concentration of substrate than enzyme
(g1 > q,) and that the complex g5 therefore quickly reaches a steady state.
8 Assumes a low concentration of product g, relative to complex.


http://www-jmg.ch.cam.ac.uk/tools/magnus/michmenten.html
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// State variables
var g1 : mole {init: 1};
var g2 : mole {init: 0};
var g3 : mole {init: 0};
var g4 : mole {init: 0};
var vl :mol per_s;
varv2 :mol _per_s;
varv3 :mol _per_s;
varv4 : mol_per_s;
varul :J per_mol;
varu2 :J per_mol;
varu3 :J per_mol;
varud :J per_mol;
varu5 :J per _mol;
var u6 :J per _mol;

// Constitutive parameters
var K_g1: per_mol {init: 20};
var K_g2: per_mol {init: 20};
var K_g3: per_mol {init: 20};
var K_g4: per_mol {init: 20};

var K_Rel: mol_per_s {init: 0.1};
var K_Re2: mol_per_s {init: 0.1};

// Constitutive relations
ul =RT*In(K_gl*ql);
u2 =RT*In(K_gl*q2);
u3 =RT*In(K_g3*qg3);
ud =RT*In( K _g4*q4d ),

vl = K_Rel*(exp(u5/RT)-exp(u3/RT));
v4 = K_Rel*(exp(u3/RT)-exp(u6/RT));

// Conservation laws
ode(ql, t) = -vi;
ode(g2 ,t) = v2;
ode(q3, t) = v3;
ode(q4, t) = v4;

u5=ul + u2;
u6 = u2 + u4;

v2=v4-vl;
v3=vl-v4;




7.6 Reaction with mixed stoichiometry

Consider the reaction where 1 mole of methane (q; = CH,) combines with 2 moles of oxygen (q, = 0,)
to yield 1 mole of carbon dioxide (g3 = C0O,) and 2 moles of water (g4, = H,0):
Al
CHy+20, S CO, +2H,0  or qq+2q, =2 q3+ 2q,
Ay

The bond graph is

91 Us q3
~ Hs e

2p, 2[4
u
G2 == TF:2 > ~ TF:2 —b 44
2U1 2U1

Note that power is preserved through the TF component.

q:l = —Uy w1 =RTInKyq1 ps=pq+2p,

qz = —2v; M =RTInK,q; pe=p3+2p4

61_3 = vy p3 = RTInK3q3

s = 2vy pg =RTInKuq,
VUV, = K1(€”5/RT - 3”6/RT) = K1(K1Q1(K2‘I2)2 - K3‘I3(K4CI4)2) = K1K1KZZCI1‘I% - K1K3Kfq3qﬁ

Alternatively, the 2:1 stoichiometry can be represented by:

q1_ M1 H3 » 43
N Hs He ~
%vl—P Rel —— v,

92~ p, %

qs4



7.7 Membrane ion channels

membrane q3 The equations are:
0
11 = —V = RTInK
Different colour to indicate l (-h _ oM _ 1 10
different type of energy carrier. Hs3 2= Y% 2= RTIn K34
: (_13 = 0 Uz = RT ln(Gpore (Ug).Gion (ﬂE))
\ de = “Ve  ug =Eqg
a H1 vy Ha Rel HUs v, K2 a, Uy = pq + u3 + zFug
4~ Ms = pp + U3
zFuglv, Note that 1-node maintains v, = Kl(e”4/RT — e#s/RT)

stoichiometry — here ensuring

ZF converts mole ——> TF:zF
charge flux matches mole flux.

flux to charge flux 4
He|vg = zFv,
de

The gating species g3 catalyses the conversion of extracellular species g4 to intracellular species q.

The molar flow of ions across the membrane v;(mol.s’1) generates an electrical current vy = zFv, (C.s1),
where z is ion valence and Faraday’s constant F=96.5x103 C.mol! relates chemical mole flux to electrical current.

Let i be the voltage across the membrane, then define the chemo-electrical potential zF pg such that chemical power
zFugv, equals electrical power vy = pg. zFv,. If the charge across the membrane is q; (G = —vg), then ugp = Eqp.

Therefore v, = K1(€”4/RT — ells/RT) = Kl(eﬂl/RTeIl3/RTeZFﬂE/RT — eﬂZ/RTeIl3/RT)

or vy = Kl(KlqleZFME/RT - KZqZ)Gpore (”E)- Gion (”E)

I : RT, K ,
Note that at equilibrium v; = 0 gives K;q,e“"*/RT = K,q,, or pp = —In KZZZ - the Nernst potential.
141




Gpore (UE) is the voltage-dependent electrical conductance of the open pore. G, (1g) is the proportion of open
channels, governed by the channel gating variable g5. The gating affinity is u3 = RT ln(Gpore (1Eg)-Gion (uE)).

i.e. 12 eqns in the 12 variables (q1- q3, qg, V1, Vg, l1- s, Bg) with 4 parameters (Kq, K5, kq,E) as well as Gpore & Gion.

Voltage-dependent gate. Gating charge and gating current.

A population of gates contains g, closed gates and g, open gates. The voltage-dependent transitions
of the population g = q. + q, between open and closed states is governed by

V ~
qc( 2 {qo

.. more to come



8. Cellular systems

Examples:

8.1 Acid-base physiology
8.2 Gl tract enterocyte

8.3 Renal tubular transport
8.4 Cardiac myocyte



8.1 Acid-base physiology

The formation of bicarbonate (HCO3) from CO, by hydration is catalysed by carbonic anhydrase (CA):
[HCO3][H™]
[CO,]
Note that the formation of carbonic acid (H,C03) is slow (~15s) in the absence of CA but very fast when CA present ™.

Taking logs and using Henry’s law, [CO,] = s. Pco,, Where s is the solubility coefficient for CO; in the
relevant fluid, yields the Henderson-Hasselbalch equation for the CO,/HCO3 buffer system:

[HCO;3 ]

S.Pco,

Kco, =

CA
€O, + H,0 & H,C0, & HCO; + H*

pH = pK + log where pH = —logyo[H*], pK = —logo K. 8

The Bond Graph diagram is:

Q2 g, =[CO,] = s.Pco vy = —Kk1 K191 + 11K K3G2q3
.Dco, .

Rel q, = [HCO3] 1= 701
qs3 q3 = VU

T Carbonated drink does not instantly degas when opened but rapidly degases in the mouth when it comes in contact with CA in saliva.
S For arterial blood pK=6.1, [HCO3 | =24mM, s=0.03mM/mmHg and p¢o,= 40mmHg, giving pH = 7.4.



Multiple weak acids and bases buffer H™

The dissociation of cationic weak acid (BH*) to weak base (B) is governed by the reaction

T B][H*
BH* B+ H* (e.g. NH} © NH;+ H™) and at equilibrium: Kz = —[[;151+]]
The dissociation of uncharged weak acid (HA) to anionic weak base (A7) is governed by
-1y +
HAS A"+ H*  (e.g. HCOF & OH™+C0,) and at equilibrium: K, = =]

These reactions hold on both sides of a cell membrane, with the same equilibrium constants on both sides. The neutral
species (B and HA) move freely down their concentration gradients to equilibrate at equal concentration on either side
of the membrane.

The charged species (BH*, A~ and HT) move down their concentration gradients (within a membrane protein channel)
until equilibrating with their Nernst potentials':

RT, [BHY],

_RT RT, [H'],
Epn = 5 N Gy,

RT , [A7],
EA = ?ll’l [A_]i, EH = ?ln[H_"']l

When the reaction BHY*<B + H™ is in equilibrium on both
sides of the membrane, and both Kz and [B] are the same
on both sides (free permeation of the uncharged molecule),

[B1[H*], _ [BI[H™]; [H*], _ [BHY],

Ke = T5im, = am, [H*];  [BH];

~ Egy= Ejy

Similarly, when the reaction HA&A™ + HY is in equilibrium, and [HA],= [HA]; = [HA],

_ [A_]O[H+]O _ [A_]i[H+]i [A_]o _ [H+]i . —
Ka=war = T © Ty T mm, EaT TEm

T R=8.4 J.molL.K'* and F=0.96x10° C.mol~, therefore at T=298K (25°C), RT=2.5k).mol! and RT/F=25mV.



Modelling transmembrane fluxes with bond graphs

For transmembrane fluxes, we let q have units mol.m=3 (molar concentration) and v have units mol.m=2.s!
(flux per unit membrane area). A surface area to volume ratio p (m) is used to link membrane fluxes with
intracellular volume fluxes)

The flux from passive diffusionisv = k(q; — q,), where k (m.s?) is the permeability coefficient.
Applying this constitutive relation to the two uncharged species HA and B gives
HA, HA; B; By
v = ey (g% = g ) and vf = ks (a5 — a2
Membrane voltage uy and RT /zF both have units J/C (or Volts). We define a quantity € = zFug/RT as a
dimensionless membrane potential. Solution of the 1D Nernst-Planck equation for an ion channel pore gives the
molar flow of ions passing through the channel as

q1—qz.e” ¢

P where K, (m.s?) is the channel permeability.

U = K&

Applying this Goldman-Hodgkin-Katz (GHK) constitutive relation to the 3 charged species /", BH and A~ gives

AT a4z gt BHY _ HY p* _
A- _ q;' —q,°.e”¢ BHY _ qs °—q¢ '-€”F HY _ 49" —qq9 € °
U3 S Ky3 & o, Ui T Ky & P ) V7 S Kyp &
The weak acid and base reactions within the cell are: qu
_ Uy
HA=A™ 4+ HY and BHY©B + H* $ .
Vp=—60mV | g NH4}
5 5
HA; ( HA, A7 H{f) . . ‘((>
where v, = Ky2 \ K24, K3Kq9q," q4 g/1c0% O gt - g%
BH} ( BH;' B; HL-+) <))'
= —_ c02 . v
and Vg Kys K6q6 K7K9Q7 q, q, ° qgozl ’ pH pH, = 7.40

Note that k,, & k5, and v, & v, all have units mol.m3.s1.



Bond graph model for intracellular pH regulation

HA,

H1 =

Hs =

BH}

4

Re4 qz

t

> U —> u2—>V2

ReHA

"

\q Re+
t
<+ g
/

> Uy —> Ue—> V5
bl T ves
ReBH"’ BHi+ ReBH+ ‘ ‘

=> W10

B: ReB
q;" /

L
Us q6 -
Hif /(> e
q,;

> buf fering

. HAy, __

q,

= —pff4
= {4 —vi4
= v —v§
=v4

__ .BH*
= Uy
— v§H+ _ vzgz#
=g =
=g
= VA 4 vBHT "
= v17f+



CellML tutorial model cellular systems 1

// State variables

var ql
var q2
var q3
var q4
var q5
var q6
var q7
var q8
var g9
var q10:

var vl
var v2
var v3
var v4
var v5
var véb
var v7

: mM {init:
: mM {init:
:mM {init:
: mM {init:
: mM {init:
: mM {init:
: mM {init:
: mM {init:
: mM {init:
mM {init:

1}
0}
1}
0}
0}
1}
0}
1}
1}
0};

:mM_per_s;
:mM_per_s;
:mM_per_s;
:mM_per_s;
:mM_per_s;
:mM_per_s;
:mM_per_s;

// Constitutive parameters

var K_ql
var K_q2
var K_qg3
var K_qg4
var K_qg5
var K_qg6
var K_q7
var K_q8
var K_q9

var P_v1l
var K_v2
var P_v3
var P_v4
var K_v5
var P_v6
var P_v7

: per_ mM
: per_ mM
: per_ mM
: per_ mM
: per_ mM
: per_ mM
: per_ mM
: per_ mM
: per_ mM
var K_q10:

:m_per_s
:mM_per_s {init:
:m_per_s
:m_per_s
:mM_per_s {init:
:m_per_s
:m_per_s

{init:
{init:
{init:
{init:
{init:
{init:
{init:
{init:
{init:

per mM {init:

{init:

{init:
{init:

{init:
{init:

20};
20};
20};
20};
20};
20};
20};
20};
20};
20};

1}
1}
1};
1}
1}
1}
1};

// Conservation laws
ode(gl ,t)=—vi;
ode(g2 ,t)=vl-v2;
ode(g3 ,t)=v2-v3;
ode(g4 ,t) =v3;
ode(g5 ,t) =—v4;
ode(q6 ,t) =v4 —v5;
ode(q7 ,t) =v5—v6;
ode(q8 , t) = v6;
ode(q9 ,t) =v2 +v5-v7;
ode(g10, t) =v7;

// Constitutive relations

vl =P_vl*rho*(gql-q2);

v2 =K v2*(K_g2*q2-K_g3*q3*K_q9*q9);

v3 =P_v3*rho*el*(q3-g4*exp(-el))/(1-exp(-el)) ;
v4 =P_v4*rho*el*(q5-g6*exp(-el))/(1-exp(-el)) ;
v5 =K v5*(K_g6*q6-K_gq7*q7*K_q9*q9);

v6 =P_v6*rho*(q7-q8);

v7 =P_v7*rho*el*(q9-q10*exp(-el))/(1-exp(-el)) ;

// Membrane parameters

var F/RT : C_per_J {init: 0.025};
:J_per_C/{init: -0.060};
: dimensionless;

var rho : per_m {init: 0.01};

var ul
var el

// Membrane potential
el = ul*F/RT;




8.2 Gl tract enterocyte
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8.3 Renal tubular transport

Naj, Naf
q, ds
HCO35 HE
q, " q;™ 1% ug HE

t

ﬂ34—v44—Re44—U41—u4

NHE3

51
A

U
c
Re)
<
':% Rel Proton Pump
8 — vs h Re5 h vs h
o

L5 1

CO2 Diffusion

us—v3*Re3#v3ﬁu6

v

c02
qs "

HCO3; HCO3}
qz ¢ q9
f HCO3 Leak *

vﬂz_’UG*Res—'U6_.ﬂ9

Uy
(@)
S .
- q1 = VU,
Re2 §- qz =V — Vg
g". q:; = —Vq + Uy + Us
v, 6:14 = Uy — Uy — Us
fls =V —V3
fla =VU3 —V;
fl7 = —Uy
* fls = Uy
co2, qo = Vg
qe
vy =K1(K1K39193 — Ks5q5s)
vy =K(Keqe — K2K4q2q4)
vy = K3(Ksqs — Keqs)
vy = K4(Ksqs — K3q3)
vs = Kks(Kyqs — K3q3)

= k(K292 — Koq9)



9. Cardiac myocyte
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Tran K, Loiselle D, Crampin E. Regulation of cardiac cellular bioenergetics: mechanisms and consequences.
Physiological Reports, 3 (7), 2015, e12464, doi:10.14814/phy2.12464
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q1
a2
qs
44
qs
de
a7
ds
d9
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9.4 Cardiac myocyte
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Tran K, Loiselle D, Crampin E. Regulation of cardiac cellular bioenergetics: mechanisms and consequences.
Physiological Reports, 3 (7), 2015, e12464, doi:10.14814/phy2.12464
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q1 =3V4— VU1 — Uy — VU3 — Vg — Vg9 — V11 — 3Vp2
g, =vq+vy+v3+v9+v9+vUq+ 30, — 30y
gz = Us + Vg + Uy +vg— 2V,

Qs =2V4—VU5—Vg—V; — Vg

s = V14 — V13

Q¢ = V13 —V1a

Q7 = —V15 V16 —Vq7
qg = V15 tV16 +V17
o =Ug

q10 = Vg

q11 = V12 + V19 — Uz — VUzq — Uy
q12 = Uz9 + V21 + VU4 —VUq3 —VUqg9 — Ups — Uzg — 2U327 + U9 — U3

q13 = VU + VU3 — Uy

q14 = U35
q15 = V26
(16 = 2V37 — U3 — Ugg
q17 = Uzg
q18 = V30

Conservation of each ion species:

Nat: q1+q2 =0
K+Z q3+q4:0
HCOj3: qs + 46 =0
Ccl: ‘I7+Q8:0
H: qo+q10=0

Ca®*: Q11+ 412 Y 913 + q14 + 15 + G16 + 417 + G138 =0



10. Membrane transporters

Examples:

10.1 Neutral membrane transporters: Chloride-Bicarbonate anion exchanger, AE1
10.2 Electrogenic membrane transporters: Sodium-Glucose cotransporter SGLT1
10.3 ATPase-dependent transporters: Sodium-Potassium ATPase

10.4 Sodium/Hydrogen Exchanger



10.1 Neutral transporters

We use the AE1 CI~/HCO3 anion exchanger' as an example of a neutral exchanger:

. . (E.q,«— Re5 «— E.q, |
o ! t
’ Re6 Re4
sl Keco, | B ‘ f )
<, : (=) 93 = HCO51, "—i ;4-— q4 = HCO3,
(E) E, E;
1 t |
Kalo Kal q; = ClU|,=p>1 1=—tp q, = Cl|;
{ ’ I 1 t
© oK Rel Re3
Qutside ; Inside ‘ 1
\E-CI1 =—p Re2 = E. qz

TWeinstein AM. A mathematical model of the outer medullary collecting duct of the rat, 2000. AJP (Renal Physiology), 279, F24-F45.
https://models.physiomeproject.org/exposure/9cce5/Weinstein_2000_AE1.cellml/view?searchterm=weinstein



Cl~ /HCO3 anion exchanger, AE1

q10 = E.HCO3| fe=0 «— Re5 <— 0 —)

q3 = HCO3 | /4= 0 <=

1

Reb

1

— 1

!

qs = E, &0

q1 = Cl_|0_>0_

q6 = F. Cl_lo

-

e

}

—> 1

1

Rel

|

Q0 —p Re2 =——p ()—>

./

T

Re4

T

1 €

|

qo = E.HCO3|,

—0 €= g4 = HCO3|;

qs = E;

= 0= q, = Cl™|;

J

q7 - E Cl_li



Cl~ /HCO3 anion exchanger, AE1

Adding the potentials and inserting i and v in place of the 0-nodes and 1-nodes:

f— >
qo = E.HCO3], Ug €= Re5 = i1 =P

qs = HCO?:lO «M:;*

qs = E,

q1 = Cl_lo - 1| —

Us

1 T

Re3 Re4
Il111 ”121
p— U 3 U4<—
<+ U5 U =—>
—> U1 Uy m—
”131 1114T
Rel Re2

1 T

q10 = E.HCO3|;

— Uy ==y = HCOEli

s = E;

> [ty =—» q; = Cl7|;

q8 == E Cl—li

q7 == E Cl_lo

— M7T> Re6 =—p Uz =—>
_ 6 Y,




Cl~ /HCO3 anion exchanger, AE1

ps = RT InK5q;

Me = RTInKgqs | p7

= RT ln K7q7 ”8 = RT ln K8q8

o = RTInKyeqy | 19 = RTInKy0q4,

qo = Vs — U3

C— N
qo =E.HCO3]|, Ho = Re5 == [l10 =P

v3 = K6(e”9/RT — eﬂn/RT)

H11 = U3 t+ Us

q3 = U3

qs = V3 — Uy

g, = —Vq

K13 = U1 + Us

q3 = HCOE'O« M3*

qs = E,

qr = CU |, = py=

v, = K1(8M13/RT —_ e”-7/RT)

q; = V1 — Vg

‘US = Ks(eﬂlo/RT —_ eﬂ')/RT)

Us

1 T

M131 Il14T

Rel Re2

1 T

q7 = F. Cl—lo

q10 = E.HCO3|;

q10 = Vs — Us

vy = K4(eﬂ12/RT — emo/RT)

Re3 Red
ll111 ﬂlZT
e U3 V) et Uy 4=q4 = HCO3|;
& U5 Ue =P (s — Ei
—p U4 Uy Uy =P = Cl™|;

Hiz2 = Ua + Ug

q; = vy

Hia = U2 + Ug

v, = K3 (e”'8/RT — e”l‘l—/RT)

v6 = Ky (el“l7/RT — eﬂS/RT)

4— p7=—> Re6 —> g —> 15 = E.CL™|;
\_ 6 J

Py =RTInKyq, | p

= RTanZqZ H3 = RT an3q3

Py =RTInK,q,

g = Vg — VU3

30 equations in 30 variables (q1- g10; V1 — Veg; U1- U14) With 16 parameters (K;-K1¢; K1-Kg)



10 species q4.. Q10 14 potentials pq.. 14 [ —1
g1 =~V u1 =RTInkK q, 1
4z = VU Ky = RTInK,q, 1 _1
q3 = VU3 p3 = RTInK3q; . -1 1
G, =—v, 1, =RTInK,q, q = Nv where N = _1 4
qs = V3 —Vq Us = RTInKsqs 1 -1
e = Uz — Uy te = RTInKgq, 1y 1
q; = VU1 — Vg 17 =RTInkK;q, 1 1 -1
g = Ve — V3 g = RT InKgqg : 1 -1
o = VU5 — U3 to = RTInKyqq
qi0 = V4 — Us 10 = RTInK{0q40 is the stoichiometry matrix for the network.
H11 = U3 + s
M1z = Hg T Ug
M3 = Hq + s
Hia = U2 T Ug
6 molar flows v;.. v4 associated with the 6 reactions
v, = Kl(e”13/RT _ eu7/RT) — Kl(em/RT_eus/RT _em/RT) =, (K,9,Ksq- — K,q-)
vy = Kz(e”B/RT - 914/RT) = i, (Kg s — e”Z/RT-e%/RT) = K2 (Kgqs — K2q.Keq5)
vy = K3(3H9/RT — eIl11/RT) — K3(3ﬂ9/RT — eﬂ3/RT_eIl5/RT) = 13(K9qo — K3q:K5q:)
v, = K4(ell12/RT — eﬂw/RT) — K4(eﬂ4/RT_eﬂ6/RT _eﬂ10/RT) = 1, (K,q.Ksq: — Kip10)

Us = Ks(e”w/RT — eﬂg/RT) = ks5(K10910 — Koqo)
Vg = Ke(em/RT — e”B/RT) = k¢(K7q; — Kgqs)




6 molar flows v4.. vg associated with the 6 reactions

vy = Kk (K19.Ksqs — K7q7) = k{‘h‘ls —kiq; where k_{ = K1K; K5 1 =K1Ky

vy = k(Kgqs — K2q.Keq6) = k;‘ls — k39295 k£ = KKg ki = Kk2K7Kq
vz = k3(Koqo — K395K5qs) = k§q9 — k399 k£ = K3Ko ki = Kk3K3Ks
Uy = K4(KyquKeqs — K10G10) = kICI4CI6 —kiq10 k£ = K4KuKe ki = K4Kyg
vs = K5(K10910 — Ko9qo) = kgfho — ksqo k§ = Ks5Kjo kg = KksKo
ve = Ke(K7q7 — Kgqs) = k£q7 — kgqs k£ = KeK7 6 = KeKg
The Gibbs free energy change for the overall system is given by EL_I; = AG/RT

f
therefore I1; k; _ K1K1Ks5.KaKg.K3K9.K4KaKe.KsK10-KeK7 _ K1Kg _ eAG/RT
Hl klr K1K7.K'2KZK6.K'3K3K5.K4K10.K5K9.K6K8 K2K3

ie.AG = RTInK, + RTInK, —RT InK, — RT In K

Note the conservation of enzyme mass:
s +qde+q7;+qg+qo+qi0= V3 — VU1 + U —Vy + U1 —Vg+ Vg~V + VU5 —V3+VU; —VU5=0



// State variables

var g1l : mole {init:
var g2 : mole {init:
var g3 : mole {init:
var g4 : mole {init:
var g5 : mole {init:
var g6 : mole {init:
var g7 : mole {init:
var q8 : mole {init:
var q9 : mole {init:
var q10: mole {init:
var vl : mol per_s;
varv2 :mol _per_s;
varv3 :mol _per_s;
varv4 : mol_per_s;
var v5 :mol per_s;
var vé : mol_per_s;
varul :J per_mol;
varu2 :J per_mol;
varu3 :J per_mol;
varud :J per_mol;
varu5 :J per_mol;
var ué :J per_mol;
varu7 :J per_mol;
var u8 :J per _mol;
varu9 :J per _mol;
var ul0:J_per_mol;
var ull:J per_mol;
var ul2:J per_mol;
var ul3:J per_mol;
var ul4: ) per_mol;

1};
0};
o}
o}
o}
0]
o}
0};
0};
0}

// Constitutive parameters
var K_gl :per_mol ({init:
var K_g2 :per_mol ({init:
var K_g3 :per_mol ({init:
var K_g4 :per_mol ({init:
var K_g5 :per_mol ({init:
var K_g6 :per_mol ({init:
var K_g7 :per_mol ({init:
var K g8 : per_mol {init:
var K_q9 :per_mol {init:
var K_q10: per_mol {init:

var K_Rel: mol _per s {init:
var K_Re2: mol_per_s {init:
var K_Re3: mol_per_s {init:
var K_Re4: mol_per s {init:
var K_Re5: mol_per_s {init:
var K_Re6: mol_per s {init:

20};
20};
20};
20};
20};
20};
20};
20};
20};
20};

0.1}
0.1}
0.1}
0.1}
0.1}

// Conservation laws
ode(gl ,t)=-
ode(g2 ,t) = v2;
ode(g3 ,t) = v3;
ode(g4 ,t)=-v4
ode(g5 ,t) = v3-vi;
ode(gb ,t) = v2-v4;
ode(g7 ,t) = vi-v6;
ode(g8 ,t) = v6-v2;
ode(g9 ,t) = v5-v3;
ode(q10, t) = v4-v5;
ud =ul +u2;
ué =u7 +us;

ul0=u8 +u9;
ul3 =ul4 + ul5;
ul5 =ul;

0.1}

// Constitutive relations
ul =RT*In(K1 *qgl );
u2 =RT*In(K2 * g2 );
u3 =RT*In(K3 *qg3 );
ud =RT*In(K4 * g4 );
u5 =RT*In(K5 * g5 );
u6 =RT*In(K6 * g6 );
u7 =RT*In(K7 *q7 );
u8 =RT*In(K8 * g8 );
u9 =RT*In(K9 *q9 );
ul0 = RT*In( K10 * g10);
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10.2 Electrogenic transporters

The Sodium-Glucose cotransporter SGLT1 is an electrogenic co-transporter modelled as a 6-state process':

EX®

Qutside Inside

RE1: 2Na, + E, = E.Na|,

RE2: Glu, + E.Nal|, = E.Na.Glu|,
RE3: E.Na.Glu|, = E.Na.Glu|;
RE4: E.Na.Glu|; = Glu; + E.Na|;
RES5: E.Nall- = ZNCli + Ei

RE6: E; = E,

RE7: E.Na|, = E.Na|;

q7 — (EZNaO)

q3:(Gluo » 0

qo = (E.2Na.Glu,)

@ 0 € 14— Re5 €= 1¢= 0 =
! k-
\ t
Rel Re2
t
1 1
4 t
<4 0 =p 1 =P Re6 =P 1=p 0 =>
)
—> 1 1=
\ t

Re4

X
«(D
w

t

€ 0 = 1= Re7 => 1=> 0 >

2q1+q9s+=q,
qz + q7; = qo
qs = 410
qi0 = 94 1 qg
qs = 291 + q¢
qds = qs
q; = qg

qs = E;

0=»q,=(Na; )

qs — (E ZNai)

0=» q,=(Gly; )

qio = (E.2Na. Glu;)

TEskandari S, Wright EM and Loo DDF. Kinetics of the Reverse Mode of the Na*/Glucose Cotransporter. ] Membrane Biol, 204(1):23-32, 2005.



Sodium-Glucose Transporter Protein (SGLT)

H11 = Us + 24 — P1UE
Hi2 = U7 + P1HE

\ / Hia = U3 + Uy
P2 UE T M5 = Mg+ Ug
q1 =—p 1™ =U1 ;2v5 v, =tﬂ2—>¢h Hi6 = U6 — P2HUE
(Na, ) " \ TF:p, (Na. ) P17 = M5 + P2HE
11 ;
1 ¥ 2p2Vs 1”13 ‘g = —2vy u1 =RTInK;q,
Rel P1HE #TF pl* Hg=>qr Re2 g, = 2v, U, = RTInK,q,
Hi2 ZU Zp v q3 = —U3 p3 = RTInK3q;
1/ ' o TMS ‘1:4 = U iy =RTInK,q,
vq v, ds = Vs — V3 s = RTInKsqs
1 T de = V2~ Vs te = RTInKgq;
7 = V1—VU3—Vs M7 = RT InK,q;
q- < U7 _>v6ﬂ> Re6 ”—8>v6_> us »| qs g = Uy — Uy + Vg g = RTInKgqg
(E.2Na,) (E.2Na;) o = VU3 — Uy Mo = RTInKqqq
1 T q.io = U7 — Uy K10 = RT In K494
Q3 = 3 =—tp V5 V=t = q, 9E T 2p1vq +2povs up =RT.Kg.qg
Gluo ) lum Tuls (Glu; ) vy = sy (eM1/RT _ giiz/RT)
Uy = Kz(eI‘B/RT — el"13/RT)
Re3 Re4d /RT /RT
‘U3 = K3(6”14 — eﬂ9 )
1”9 Tﬂlo Uy = K4(e”'10/RT — eﬂlS/RT)
g \& 1o —> v, Koy Re7 1o vy m—> 10 ) Gy v = Ks(e”16/RT _ eﬂ17/RT)
(E.2Na. Glu,) (E.2Na. Glu;) Ve = ke(e"/RT — gks/RT)

v, = K7(eﬂ9/RT — eﬂ10/RT)



251
Uz
U3
Uy
Us
Ue
U7
Usg
Ug

K10 = RT InKy0q4

RT RT — 2 2 -p1KE. KEg.
Kl(eﬂn/ — et12/ ) — Kl(Kl Ksq?q-e P1Kede — K q. eP1 EqE)

= Kz(eus/RT - 3”13/RT) = K2(Kgqs — K3 Ksq545)
= Ks(e”“/RT - eﬂg/RT) = k3(K3K7959, — K9q5)
= K4(3”1°/RT — e”IS/RT) = K4 (K10910 — K4Kgq4953)
= Ks (3M16/RT — eﬂ17/RT) = K (K6q6e_p1KE-qE — KSqSeszE-qE)
= Ké(ew/RT - QMS/RT) = ke (K7q7 — Kgqs)

= K7(e”9/RT - eﬂlo/RT) = K7(K9qo — K10910)

= RT InK;q, P11 = U5 + 211 — p1 Mg

= RT InK;q, M2 = U7 + p1ME

= RT InK3q; P13 = P + 2M2

= RT InK,q., Mis = U3 + U7

= RT InKs5q; His = Hg + Ug

= RT InKqq, Hi6e = He — P2HE

= RT InK;q, P17 = M5 + P2l

= RT In Kgqs

= RT In Koqs

pg =RT.Kg.qg



10.3 ATPase transporters

Na/K-ATPase

3?@3

Outside ' Inside

. . o e o - Mkz
] s u] — @ iy i,
88508



Na/K-ATPase

3Naj + 2K} + ATP = 3Nag + 2K + ADP + Pi

q10=P.E.2K+|0 q9=P.E.K+|O q8=PE|O q22=P.E.Na+|0 q21=P.E.2N(I+|0 q20:P.E.3Na+|O
( ? Hz7 3 H2e L S H2s f Hz4 * Hz3 * \
Hio € ReOEm Vg €= [lg €Re7 €= V; €= [g € v; €= Re54 sy, U3 4 Re3 €= 21 ¥ V; = Rel = Hao

t q3 = K3
= ¥
) f= gy

Il *

& Vi1 = Us <= qs = ATP

R H29 *
+; Rell
bl. * — K+
4] qs =
A = U2
~
<

Il

~| Rel4

=

V14 *

H13 =>Rel0=p Vi) = Uy = ReS =P vg = 15 =P v,
H30 H31

N 4 4

2 \,lg / \ / '

/ AN / T~ 4

Uss

qe *
A * H36

U == TF:zf == V5

ZFUIS

4

Hio =P

4

qo = ADP; 4= u; €= Vi

f H3s

Rel2

q; = Na;r

'|soNET'd =°"h

= Re6 = 11 = Uy "> Red =P (17 = U, = Re2 = ;g
32 H33 H34

q.3 = ATP.E.2K™|; q.. = ATP.E.K™|, q.s = ATP.E|;

g1 = ATP.E.Na*|, q.; = ATP.E.2Na*|;,  q,3 = ATP.E.3Na*|,



Equations for Na/K-ATPase

ql =vq +v3 +Ug n = RTanﬂh Ha3 = U1 + U2q RE1l: vy =Ky (QFZO/RT _ eﬂ23/RT) =K (KZOqZO — K1K21q1q21)

qZ = VU — Vs — Vg H2 = 2; in gzqz H2a = Mg + H22 RE2: Uy =Ky (e”34/RT - e”lB/RT) =Ky (K2K17q2q17 - K18q18)
1 = — — = n =

23 = vvzl— vv9 Zi = RTIn Kzgi Zzs = Zl iﬁs RE3: vy =i (el21/RT — el2a/RT) = 3 (Kp1q51 — KiK2201422)
q': = —{;)11 0 s = RTInKsq- ui: = ”2 + Hz RE4: vy =Ky (3”33/RT - 3”17/RT) = K4 (K2K1692916 — K17917)
Ge = V12 e = RTInKgq, Hag = fyg + p;  RES Us =Ks (er22/RT — gh2s/RT) = kg (Kpq2, — K1Ksq145)
g7 =vq3 K7 =RTInK;q; loo = My +ps  RE6: Vs =g (eMs2/RT — et16e/RT) = yeg (KyK150,15 — Ki6416)
Gs = Vs — vy pg = RTInKgqs 3o = Mg + 1y RE7: v; =1, (eF2s/RT — elo/RTY =y, (K3Kaq5q5 — Koqo)

Gy =U7; — Vg Mo = RTInKyqo H31=Ha+ M5 RES: vg = kg (eM14/RT — ets1/RT) = yeo (Ki4q14 — KuKi5q.q15)
q10 = V9 ~ V13 Mo =RTInK10q10  p3z =z + 15 RE9: vy = ko (e#27/RT — ei10/RT) = yey (K3Koqsq0 — K10G10)
911 = V13~ V11 M1 = RTINK1 011 piss = pa + s RE10: v49 = K1o(e”13/RT - 9”30/”) = K10(K13913 — KaK1494914)

912 P12 = RTInK12q12  p3q = pp + pyy
q13 = V14 — Vqp p13 = RTInKi3q13  p3s = pqo + He

Il
<
[y
[y
|
<
[y
=

RE1L: gy = kg (e#29/RT — el12/RT) = gy (KsK11q5911 — K12912)
RE12: Vg, = Ky, (eF18/RT — elss/RT) = i1, (K19q15 — Ki9K61946)

q14 = V19 — Ug P14 = RTInK14q14  p3g = pyo — zFpug

qis = Vg — Vg t1s = RTInK;:q, - RE13: vq3 = K13(3”1°/RT - e”ZS/RT) = K13(K10910 — K11K791197)
d16 = Ve — V4 U6 = RTInK16q16 RE14: Uy = keyq(e12/RT — et13/RT) = 10,y (K12q15 — K13013)

qi7 = V4 — Uy 17 = RTInKy7q, RE15: vy5 = ky5(e#36/RT — et20/RT) =y, ((K19q,0e KETE — Kp0q50)
G183 = V2 — VUq2 M1g = RTIn K159

q19 = V12 — Vg5 K19 = RTIn K199,

Q20 = V15 — VUq K20 = RT In K5 q

421 = V1 — VU3 U21 = RTIn K315,

Q22 = V3 — Vs U22 = RTInK3,q,,

qg = zFv,s Ug = RTKgqg



10.4 Sodium/Hydrogen Exchanger

Sodium/Hydrogen Exchanger
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qdi1 = E.H' |,

q3=H+|o -

q; = El,

q1 = Na*|, =»

Na*/H" exchanger, NHE3

A Uy C— Re8 ———— J‘

! h !

Re3 Re4
ﬂ171 qs =;VHI|0 de =iVHI|i 1 s
U3 = U Uy =y
l Hs He 1
o I, S— Vy S 1o s
l H19 1 1 H20 1
1 == U Re5 Re6 vy =

s | “ w o [ e

U13 == Re9 s u,,
Rel ‘ ‘ Re2

l qi3 =E-NHI|0 CI14=E-1\”'I:f|i Y

Re?7

qg - ENa+|O

qi2 = E.H' |;

- Q4=H+|i

qs = E|;

= q; = Na+|i

N

qu == E.Na+|i



41 = -V

4 =V,

q; =3

s = V4

qs =Us

de¢ = —Vs

q; =V3— VU
g =V — V4
o =V1—Vy

q10 = V7 — V3
q11 = Vg — U3
12 = V4 — Vg
q13 = V9 — Us

q14 = Ve —

p1 =RTInK;q,
p2 =RTInK;q,
p3 = RTInK3q;
ps =RTInK,q,
ps = RTInKsqs
e = RTInKgq,
p7 =RTInK;q;
Mg = RTInKgqs
Ko = RTInKoqq
Hio0 = RTIn K044
P11 =RTInKy:q44
M1z = RT InKi5q,
M1z = RTInKy3q:3

ti1a = RTInKy4q,,

Equations for NHE3

His
Hie
H17
Hig
25T)
H20

= {1+ Uy
= U2 + Ug
= p3 + Uy
= U4+ Ug
= ps + Uy
= He t+ Ug

RE1:
RE2:
RE3:
RE4:
RE5:
REG6:
RE7:
RES:
RE9:

Uy
U3
U3
Uy

= Kq (eﬂls/RT - eﬂg/RT) = k1 (K1K79197; — Ko9qo)
= K (eﬂlo/RT - 3”16/RT) = K3 (K10910 — K2K5q245)
= K3 (eﬂll/RT - 9”17/RT) = k3 (K119:11 — K3K793q7)
Ky (eﬂls/RT - e"IZ/RT) = K4 (K4Kgq4q5 — K12917)
ks (et13/RT — i19/RT) = o (K13q,5 — KsK7q5q7)
= K¢ (e”ZO/RT - e”“/RT) = K¢ (KeKgq6qs — K14914)
K7 (eﬂg/RT - e"m/RT) = K7 (Koqo — K10910)

= Kg (e”IZ/RT - e”II/RT) = kg (K12912 — K11911)

= Kg (3”14/” - 3"13/RT) = K9 (K14914 — K13G13)



CellML tutorial model membrane transporters 5

OpenCOR

NHE3_BG.cellml B

®® ¢ 8 0 ¥ o e . | S - .
& Simulation |
Property Value Unit 1
Starting po... O second 0.0015 4
Ending point 100 second 1
Pointinterval 0.01 second ]
» Solvers 0.001
A Graphs ]
Property Value ]
» &  environment.time | mainv_Re2 0.0005 - q_‘__‘__\
o]
T T T T T T T 1
0 20 40 60 80 100
0
B ] r
— , wn
E= 0.1 ] / H
w b —
0.2 2
3 ] B
3 ] =
= 0.3
E ]
a |
-0.4 -
Parameters ]
Property Value Unit 0.5
v =z T T T T T T T 1
enviror.lment l 0 20 40 60 80 100
time 0 second ¢ o
1.2397 per_mol ]
1.2397 per_mol -0.0001
0.0086 per_mol ]
0.0086 per_mol -0.0002
6.3669 per_mol ] /
6.3669 per_mol agried
1 per_mol 3
2.8094 per_mol 1 /
195.9887 per_mol -0.0004
69.7618 per_mol ]
0.1571 per_mol -0.0005 -
AacTa mar e 1 \/ T T T T T T T 1




11. Metabolism

Examples:
11.1 Glycolysis



11.1 Glycolysis

rl
GLC + ATP = G6P + ADP
2
G6P = F6P

r3
G1P G6P = G1P
rd4
F2P = F6P
A 0P F6P + ATP = F2P + ADP
+ = +
GLC —/@iv G6P (12— FoP TP Pyr
@ ;é ATP TP F6P + ATP = 2TP + ADP
ATP ADP
2ADP 2ATP Y
Fop ADP TP + 2ADP = Pyr + 2ATP
2ADP = ATP +

r9
ATP = ADP +P

q1=GLC g (ATP) Ho  q2=G6P q4=F6P  pg(ATP) Ho  qe=TP g q-=Pyr

ARV N R TG I .

N H

r3 U == [ (ATP) ADP ATP Ug (ATP)
Us rd r5 ADP
1 1 qo=ADP ===p [ig _L r8 <:
q3=G1P U5 [lg — (10=
r9



12. A common framework based on bond graphs

Physical systems:

Physics
Electrical
Solid mechanics
Fluid mechanics
Biochemical
Heat transfer
Electromagnetic

Diffusion

potential u
voltage
force
pressure
chemical potential
temperature
photon potential

solute partial pressure

units
J.C1
Jml
J.m3

J.mol?

J.cd?

J.m3.mol?

flow v

current
velocity
volume flow
molar flow
entropy flow
photon flux

molar conc? flow

units

C.s1

m3.s1

mol.s™

cd.s™

mol.m3.s1

Ju-gq

charge
displacement
volume
moles
entropy
photons

molar concentration



Physics

Electrical
Solid mechanics
Fluid mechanics

Biochemical
Heat transfer
Electromagnetic

Diffusion

Elastance
p=Eq
p = Eq
= poe™d
u=RTInKgqg
p = Eq
p=Eq

Constitutive relations
Dissipation
1L=Rvorv=xu
u=Kkvorv=xu
u=Rvorv=xu
v = K(eﬂl/RT _ euz/RT)

u=Rvorv=xu

p=Rvorv=xu

Conservation laws

Inertia 0-node
u=La KCL
U = ma compatibility
U = ma flux balance
flux balance
flux balance

mass balance

1-node
KVL
force balance
force balance

stoichiometry

partial pressure balance



Physics

Electrical
Solid mechanics
Fluid mechanics

Biochemical
Heat transfer
Electromagnetic

Diffusion

Energy of quantity
as ..

charge (C)
displacement (m)
volume (m?3)

moles (mol)

molar concentration

is stored (E) with ..

capacitor
spring
pressure density

concentration

solvent solubility

is dissipated (R) with ..

resistor
damper
viscosity

exothermic reaction

diffusion

is stored (L) with ..

inductor (EM field)
mass (inertia)

mass (inertia)



12.1 A GUI for creating bond BG models in OpenCOR

OpenCOR

Latest version of OpenCOR has HTML window that we will use for SVG diagrams and Javascript
interactions. Alan is developing API to link this window to OpenCOR data structures.

- OpenCOR L

File
| File #1.celiml [ | lorenz.sedml [ | lorenz.cellml [ | %] noble_1962.sedml (£ ejelic_mpic_kolaranic_zms. 4 E

(R T

Editing

Simulation

View Tools Help

CJION 5

Simulation

Property Value
Starting point 0

Ending point 10

Peint interval 0.01
Fl T b
L4 Solvers
b Graphs
Parameters
Property Value |+
4 environment
0 time 0
4 leakage_current
@eL  -60
@gqL 75
) i_Leak 2523958668820
4 membrane =
@cm 12 1
Ov -26.3472177490"
@ v -353386120499

4 potassium_channel
) g K1 3793034405927
) gKk2 2847154015003

)ik 480683518787 |
4 potassium_channel_n_gate
€Y .. 2510460982558,

e

€Y ... 0902566779526,

© n 0597922868151

() n' 0158638570048
4 sodium_channel

@ ENa 40

) g_Na 5712605774848,

& g_M.. 400000 -
I b

45,000

35,000
30,000

i gy .
=D L

Web Browser (= 4

‘posure/ 133563 7290846b 25ff6 25508 11711457 /dancy _rudy_2001_IKrT474l_Epi_seconds_flooristim,celr e

KR

If *—3 15

1 |

O (P — Cl+—> 0O

Markowlan |,

m

(o> Cla— O I

Markavian |, \ I

& schematic diagram describing the current flows across the cell membrane that are captured in the
Rudy model,

« | m | 3




12.2 Annotation with ApiNATOMY

BG attributes

Variables Conservation law Constitutive relation ApiNATOMY
flow v (q/s) potential u (J/q) common power (J/s) - Edge (conduit)
C Voltage Capacitor (C)
m Force Spring (k)
. elastance )
q m3 Pressure q=v Compliance
. ., common u p(q)
mol . Chemical potential Sv = 0 Boltzmann Compartment
entropy Temperature B Heat capacity
C.s? Impedance . induction Inductor (L)
a v=a .
m.s2 Momentum u(a) Inertia (m)
1-node v Hy s, ... commonuv, Xu =10 - Process
i o Compartment
Resistance v u common v dissipation u(v)

with process

. Marcelin-de Donder Compartment
Reaction v [Ty common v .
0 with process

TF V4,0, [IPg15 common power scale factor Process

Each 0-node defines just one species and is always identified with a unique ApiNATOMY compartment,
so a compartment can contain multiple 0-nodes.



13. Continuum concepts

Meter <

" Solid mechanics*
Finite elasticity

Fluid mechanics*

Entropy

Mole

Coulomb

<

Candela

. Navier-Stokes eqns

Heat flow

Reaction-diffusion
Biochemistry

Electromagnetic

Maxwell’s equations

‘Mass’
conservation

detF'TF =0
V.u=20
V.E=£

€
V.B=20

Energy
conservation

Constitutive

™ = f(ey)

Kinematic
relation

1 du; Ouj duy duy

e“ = T T 0
1 2°9xj 9x; Ox; Ox;j

1

DC_9C L wve = V.(—kVC)
Dt ot & =Js '
_— OB

=T

VkB = u(J + e &
XB = pU +e

* Note: Redo solid & fluid mechanics first together via Cauchy relations



Geometric field

N

\

Dependent variable field

A\

A\

Mathematical space




Flow (kinematic) variables are defined at nodes (equivalent of BG 1-nodes)
A flow node has an associated conservation law ), u = 0 e.g. force balance
Potential (e.g. stress) variables are defined at Gauss points (equivalent of BG 0-nodes)

A potential node has an associated conservation law ), v = 0 e.g. mass balance

avk _

PDE residualsare V.t — f =0 and V.v = Py 0
1 “ X_ . B X
Global residualzu = z ff(V.t — )Y, (&)]dE ~L \ / "
e=1.4 =0 /

N
9
7/

1
Global residualz v = H(V. v)]dé&
£=0

Bilinear basis functions

Constitutive law T = f(q, v, a) is always sampled at potential nodes (Gauss points).
Flow or kinematic variables are always interpolated from flow nodes.
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